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Abstract

In many supply chains, the manufacturer sells not only through an independent
retailer, but also through its own direct channel. This work studies the pricing and
assortment decisions in such a supply chain in the presence of inventory costs. In our
model, the retailer offers a subset of the assortment that the manufacturer offers through
its direct channel. We model the customer demand by building on the nested-logit model,
which captures the customer’s choice between the manufacturer and the retailer. This
model produces several insights into the optimal pricing strategies of the manufacturer.
For example, we find that variants with high demand variability will carry a lower
wholesale price. Furthermore, we characterize scenarios in which the manufacturer’s
and retailer’s assortment preferences are in conflict. In particular, the manufacturer
may prefer the retailer to carry items with high demand variability while the retailer
prefers items with low demand variability.

Keywords: pricing; assortment planning; inventory; supply chain; dual channel.

1. Introduction

In a supply chain setting, the pricing of an assortment is a critical decision not only for the
seller itself, but also for its supplier. This pricing question becomes even more critical in
supply chains where the manufacturer is both a supplier to and competitor of the retailer.
Take the relationship between Sony and Best Buy as an example; specifically the Sony VAIO
BZ560 line of laptop computers. SonyStyle.com sells, at the bare minimum, 45 different
configurations for the Sony VAIO BZ560 computer. In contrast, Best Buy offers the customer



only one VAIO BZ560 configuration. Motivated by such channel relationships, in this work
we consider the pricing and assortment selection problems that arise in a supply chain where
the manufacturer uses dual channels.

The marketing literature suggests that a store’s assortment is almost as important as its
price profile and location in driving the store traffic, see, for example, Zhang et al. (2009)
and the references therein. Hence, in this work, we model the customer’s choice of channel
as a function of the assortment and prices offered by both channels. In particular, we use the
nested logit model to capture the consumer choice: The customer first chooses the channel she
wants to purchase from (if any) and, subsequently, decides which product to purchase from
her chosen channel. This demand model allows us to account for the effect of both channels’
assortments and prices on the demand observed by each channel.

There are several assumptions one can make regarding who carries inventory in this dual-
channel structure and where. In keeping with the motivating example, this work considers a
manufacturer (e.g. Sony) who sells a build-to-order product through its direct channel while
meeting the orders from the retailer. As for the retailer (e.g. Best Buy), it is assumed that it
keeps inventory of the final (assembled) products and meets the observed demand with this
inventory. Because the retailer must make stock level decisions before observing the customer
demand, there exists the possibility of demand-inventory mismatch at the retailer. Hence, the
model accounts for the inventory-related costs associated with the demand-inventory mismatch
at the retailer. In the case where the demand at the retailer exceeds the inventory level, the
retailer is allowed to procure additional products from the manufacturer. For example, if the
demand of a specific VAIO BZ560 computer is greater than the amount Best Buy had in
stock, then Best Buy could order additional units from Sony to meet the excess demand.

A strength of this model is that it allows us to analyze the effect of inventory-related costs
on the pricing decisions. The selling prices charged by the manufacturer’s direct channel and
the retailer follow an equal effective margin property similar to that described in Rodriguez
and Aydm (2010). In addition, this work characterizes the optimal wholesale prices that the
manufacturer charges to the retailer. For example, we find that, everything else being equal,
the manufacturer will charge lower wholesale prices for variants with larger demand variability.

This setting where the manufacturer is able to sell through two channels, can be used to
study if the manufacturer benefits from selling through two separate channels. In practice
one can find both success and failure stories about engaging in dual (or hybrid) sales channel
strategies. For example, although Dell has been very successful selling directly to customers,

in 2006 they saw their profits and market share decline significantly. The reaction to this



decline came in 2007, when Dell successfully embraced a hybrid strategy by adding resellers
to their channel mix.! In contrast, by 2008, Gateway, another computer business, moved from
engaging in dual sales channels to only selling indirectly to customers.? Inspired by these
examples, in this work we investigate the benefits of engaging in dual-sales channels.

For a build-to-order manufacturer and a retailer engaging in dual sales channels, another
relevant question is what assortment to offer through the retailer. More often than not, the
retailer offers only a subset of what the manufacturer’s direct channel offers as indicated by
the Sony VAIO example discussed earlier. Depending on the power structure in the supply
chain, the retailer’s assortment can be decided by the retailer itself or it could be dictated
by the manufacturer. We study both options. Moreover, we study different sequences of
decision-making that allow various scenarios regarding the timing of assortment and pricing
decisions.

We first explore problems where there is no fixed cost for offering a product variant and
there is no capacity limitation on the number of variants to carry. In such cases, we find that
if the manufacturer’s pricing decisions precede the retailer’s assortment selection, both the
retailer and the manufacturer will be best off by offering every available product. However,
if the retailer’s assortment selection precedes the manufacturer’s pricing decisions, then the
retailer may strategically leave certain variants out of its assortment.

This work also studies cases where there is a fixed cost for carrying a variant or where
there is a limit on the size of the assortment. When there is a limit on the size of the retailer’s
assortment, we find that the manufacturer and the retailer may disagree about which product
to sell through the retailer, because the manufacturer prefers products with higher demand
variability while the retailer prefers products with lower demand variability. When both the
manufacturer and the retailer incur a fixed cost for offering a product through the retailer, we
find that the manufacturer’s preferred assortment is larger than the retailer’s, even when the
manufacturer’s fixed cost per product is slightly higher.

The rest of the paper is organized as follows. In the following section we review the related
literature. Section 3 describes the model. The pricing problem is analyzed in Section 4 and
the benefit of adding an indirect channel is analyzed in Section 5. In Section 6 we explore

the assortment decisions. Finally, Section 7 summarizes the results and contributions. The

Kellogg Insight: Focus on Research, A new strategy for Dell. Retrieved from http://insight.kellogg.
northwestern.edu/index.php/Kellogg/article/a_new_channel_strategy_for_dell on 9/29/2009.

2Betanews.com, End of an era: Gateway stops selling PCs directly to customers. Retrieved from http:
//www.betanews.com/article/End-of-an-era-Gateway-stops-selling-PCs-directly-to-customers/
1217271457 on 9/29/20009.



proofs are included in Appendix C.

2. Literature Review

The analysis of distribution systems has received considerable attention in the operations and
marketing literature. In the context of the broad literature on distribution systems, the prob-
lem studied in this paper belongs to the subset that deals with multiple-channel distribution
systems, in which a supplier sells through more than one channel. Cattani et al. (2004) present
a recent and extensive literature survey on the coordination of multiple channels.

The multiple-channel distribution system studied in this work belongs to the narrower sub-
set of dual-channel systems, in which the supplier sells through two channels only. The interest
in dual channel systems (which have also been labeled as “hybrid distribution”) dates back to
as early as 1965 (Preston and Schramm, 1965). However, the interest in dual-channel systems
has been revived in recent years due to the tradeoffs presented by e-commerce. Agatz et al.
(2008), Swaminathan and Tayur (2003) and Tsay and Agrawal (2004) review the literature
dealing with multiple-channels that arise in the e-business setting.

One could separate between two streams of work on the dual-channel distribution systems.
The first stream of work deals with questions surrounding how much to stock and where
to keep that stock in the distribution system, see for example Boyaci (2005), Alptekinoglu
and Tang (2005), Chiang and Monahan (2005), Moinzadeh (2003) and Seifert et al. (2006).
Another example is Zhao (2008), which adds the pricing problem to the inventory decision.
In commonality with this work, this paper takes into consideration inventory costs of the
products offered. However, we simplify the inventory aspect of the problem by assuming that
the inventory levels are chosen to satisfy an exogenously fixed service level and the only stock-
keeping location is the retailer. These assumptions are in line with our motivating examples,
which revolve around build-to-order manufacturers adding a retailer to their channel mix.

The second stream of work in dual-channel systems deals with how the prices should be
set and/or coordinated in this distribution system., e.g. Cattani et al. (2006), Chiang and
Chhajed (2005), Kumar and Ruan (2006) and Rhee and Park (2000). This work is related to
this second stream of research in that we study, among other things, the pricing decisions in a
dual-channel system. Earlier work that is particularly related to the type of pricing problems
that arise in this work are Chiang et al. (2003) and Tsay and Agrawal (2004), who treat the
manufacturer’s channel structure as a decision variable, i.e., manufacturer decides whether

or not to use a dual-sales channel. They study the effects of the channel structure on the



pricing strategies and profits. Tsay and Agrawal (2004) build on Chiang et al. (2003) by
incorporating sales effort and the unit cost of supplying an item; however, they restrict the
selling prices to be the same in both channels. This work differs from Chiang et al. (2003)
and Tsay and Agrawal (2004) in a number of ways. In particular, this work incorporates
demand uncertainty and explicitly models the inventory costs associated with demand-stock
mismatches at the retailer.

This work also addresses the question of whether it is always beneficial to sell through
dual-channels. There has been some work on the question of channel design, especially when
considering the distribution costs, e.g. Rangan (1987) and Chiang et al. (2003). In our case,
we do not explicitly model distribution costs but we incorporate inventory costs and compare
the expected profits for the manufacturer under both scenarios.

What separates this work from all the work that came before it is that we model a dual-
channel system in which each channel sells an assortment of substitutable products, and we

analyze the assortment decisions.

3. Model Description

Consider a product that can be purchased through two channels: directly from the man-
ufacturer and through an independent retailer. Take a Dell Inspiron desktop computer as
an example: A customer can purchase a Dell Inspiron computer directly from Dell.com (the
manufacturer’s direct channel) where the customer configures the computer by choosing from
at least 2 models, 8 colors, 7 processors, 3 operating systems, 5 memory choices, 5 hard drive
capacities (at least 8,400 different variants of the Inspiron). On the other hand, the customer
may choose to purchase a Dell Inspiron from Best Buy (retailer) by choosing from five dif-
ferent pre-configured Inspiron computers. Notice that Best Buy is offering a subset of the
variants that could be purchased from Dell.com. In keeping with this scenario, we model a
build-to-order manufacturer, who offers an assortment of all possible variants; we denote this
set of variants with S™. The retailer in our model, on the other hand, offers a subset of the
variants in S™ and keeps stock of the variants it carries. Let S¥ denote the set of variants
carried by the retailer.

In our model, the pricing decisions available to the manufacturer are the prices for the
direct channel, p}’ for variant k € SM (i.e. prices charged to the customers who purchase from
the manufacturer), and the wholesale price charged to the retailer, wy, for variant k € S®. On

the other hand, the retailer chooses the price it charges to its customers. Let pj denote the



retailer’s selling price for variant k € S%.

3.1 Customer Demand Model

Consider an individual customer. We model the individual customer’s decision building on the
nested-logit model. In the nested-logit model the customer choice is modeled as a sequential
process, where the customer first chooses one of many ‘nests’ of items and, conditional on the
choice of the nest, the customer chooses what specific item to purchase from the nest. The
choices in each stage follow a multinomial logit choice model (MNL). The nested logit model
leads to a closed form expression for the probability that a customer purchases a specific item
in a given nest. For more on the nested-logit model see Anderson and de Palma (1992). In our
model, the nests are the manufacturer’s assortment, the retailer’s assortment and an external
alternative. If the customer decides to purchase from the manufacturer or the retailer, then
she decides on the specific product to purchase. For the sake of exposition, we first describe the
customer’s variant choice given that the customer already decided what channel to purchase

from (the retailer or the manufacturer’s direct channel).

3.1.1 Deciding what variant to purchase

In this stage, the customer chooses which variant to purchase from the assortment offered
by the channel she chose in the first stage. Consider an individual customer who decided to
purchase from channel n € {M, R}, where n = M refers to the manufacturer’s direct channel
and n = R refers to the retailer. Let p™ denote the vector of prices for the variants offered
by channel n.? In keeping with the nested logit choice model, we model the customer’s choice
of variant using the multinomial logit (MNL) choice model. (For details on the MNL model,
see, for example, Ben-Akiva and Lerman, 1985.) Let U}’ denote the customer’s utility from

the variant k£ € S". Following the MNL model, U}’ is given by
Ul = o —pp + &, for ke " n e {M, R},

where ay, is the customer’s expected utility from variant k£ € S™, pj is the price of variant k in
channel n and &} is a random error term with a Gumbel distribution with mean zero and scale
parameter po > 0. The scale parameter s can be interpreted as the degree of heterogeneity

across the variants offered by a given channel; when g is close to zero the variants become

3As a notational convention; we use bold symbols to denote vectors, e.g. p™ is the vector of prices charged
by channel n to its customers.



perfect substitutes. In this setting, the customer chooses the variant that maximizes his utility

and the probability that the customer will choose variant £ is

Uk(pZ)
qn Sn’pn - <= for all k c Sn, 1
P = e D) )
where
v(pi) = exp([ay — pi]/p2) for k € S™. 2)

3.1.2 Channel choice

Let UM and U® denote the customer’s random utility of purchasing from the manufacturer
and from the retailer, respectively. The nested logit model posits that the utility of purchasing
from a nest is the expected utility of the utility-maximizing choice in that nest plus a Gumbel
error term. Hence, following the nested logit model, U" := E [max, U] + &, for n = R, M
where &, is a Gumbel random term with mean zero and scale parameter j;, where p; > 0.
The parameter p;, in contrast to o, represents the heterogeneity of assortments across the
two channels. Hence, we expect that p; > po. Given that U]'’s are Gumbel random variables
(refer to Section 3.1.1) and the Gumbel distribution is closed under maximization, maxy U}’

is again Gumbel, and its expected value is,

EU"=F [mgx U,?} = p2 In [Z vk(pZ)] : (3)

kesSn

Similarly, let U° denote the random utility of an external alternative. Here, U° can be thought
of as the aggregate utility from a number of choices exogenous to our model, such as the utility
from purchasing the product from an alternate firm or the utility from purchasing a different
product altogether. This utility of the external alternative, U°, is itself Gumbel with a mean
of agpy.

The nested logit model then yields the following expression for the probability that the
customer purchases from channel n, denoted by (S, S, p*, p*):

exp(E[U"]/pm)

T I = B ) + exp(B 0] ) + exp (B0 )

for n € {M, R}. Using (3) to substitute for E[U"] in the above equation, we obtain:

[Zkesn Uk (pZ)} w2 /pa
exp (ag) + [ZkeSR Uk(p;:)}m/m + [ZkeSM Uk(pf)}m/m

Tn(sM’ SR7p1\/I’pR) —



3.1.3 The Aggregate Demand

According to the model we have described so far, an individual customer purchases from the
channel n € {M, R} with probability 77(S™ S% p" p*) and chooses variant k € S™ with
probability ¢p(S™,p"). Thus, the probability that an individual purchases variant & from

channel n is
T (SM, 5%, p¥, p)gi(S", p").

We use the probability above as the starting point to model the aggregate demand for a
product. Specifically, we assume that the aggregate demand observed by channel n for product
k, denoted by D(SM, SE p" p?), is

DZ(SM, SR7p1\/I7pR) ~ 7_'n,(sM7 SR,pMpr)QZ(Sn;pn)ek for k € Sn’

where €,’s are 1.i.d normal random variables with mean one and standard deviation o,. Notice

that o, amounts to the coefficient of variation of customer’s demand for variant k£ € S™.

3.2 The Firms’ Profit Functions

We treat the manufacturer’s assortment as fixed and hence we drop S™ from the argument
lists of the functions. On the other hand, we treat the retailer’s assortment, S®, as a de-
cision variable. This modeling choice is aligned with our motivating example, in which the
manufacturer offers all possible variants while the retailer offers only a subset of them. We
consider both the case where the retailer chooses its own assortment, and the case where the
manufacturer decides what to offer through the retailer.

We assume that the manufacturer has two pricing decisions to make: the direct channel
prices, py', and the wholesale price for each variant, denoted by wy, for k € ST. The retailer,
on the other hand, needs to determine its own selling prices, pf for variant k € S%. We
consider several scenarios regarding the sequencing of decisions, including the pricing decisions
and the assortment decision. For the sake of exposition, we next describe the retailer’s and
manufacturer’s profit functions given the prices and assortments and delay an explanation of

the sequence of events until the next section.

3.2.1 Retailer’s Expected Profit

We consider a one-period problem. Recall that we model a make-to-stock retailer who procures

the finished product from the manufacturer and faces random demand. Hence, inventory



decisions at the retailer are taken into account and we assume these decisions are made after

all pricing and assortment decisions have been made by both the manufacturer and retailer.
Let y;, denote the retailer’s stock level of variant k € S¥. We assume that the retailer will

stock y; units at the beginning of the period to satisfy a type-1 service level objective, which

is uniquely determined by the exogenously fixed parameter, 2z, where

L U A—RMQ(SR,pM,pR)’ 5)
or(SH%,pv, p~)

and pf(SE, p¥, p*) and 57 (S%, p, p*) denote the mean and standard deviation of the demand

for variant k£ observed by the retailer.

At the beginning of the period, the retailer places the orders, y;’s, with the manufacturer.
Next, the demand at the retailer, DF(S% p“ p*) for k € S, is realized. For each variant,
two outcomes may arise in this setting for the retailer: either the variant’s stock is sufficient
to meet the demand or not. In the former case, the retailer incurs a cost coy for each unit of
leftover inventory. In the latter case, we assume that the retailer places an additional order
with the manufacturer to meet the excess demand, at a unit cost cuy, which is in addition
to the wholesale price. The cost cu; may be interpreted as the additional cost associated
with expediting a shipment in order to meet the excess demand. In this setting, the retailer’s
expected profit is

RS p w,p™) = Y [(pf — wi) B [DE(SE,p*,p")] — LE(S™.p",p")] . (6)
keSE

where
M R M R + M R +
Li(S™,p",p") = cux E[DF (S, p",p") —ys] " + conEyr — DF(S™, p¥,p")] " (7)
Here, the function LE(ST p p*) represents the expected overage and underage cost associ-
ated with variant k € S™. The profit function in (6) can be simplified to the following:
HR<SR7pM7 w7pR) =
(P — wi ) (8™, ")
TR(SR,pM7pR) Z e
reor | — on[corz + (cop + cug) In(2k)] gf (ST, p")
Let us define 7, := oy [cokzk + (cog + cug) 1 N(zk)}. Notice that v works as a unit cost incurred
by the retailer and it depends only on unit overage cost, cok, unit underage cost, cuy, the

demand’s coefficient of variation, o, and the service level z,. Using this definition, we can

now write the retailer’s expected profit function as follows:

R (S%, p*, w, p*) = 7°(S", p", p") D (0f — wr — W) g (S™, p"). 8)
keSEk



3.2.2 Manufacturer’s Expected Profit

The manufacturer builds to order and faces two sources of demand: one from the direct
channel and the other from the retailer. The sequence of events for the manufacturer is
the following: At the beginning of the period, the manufacturer receives an order from the
retailer and meets that order. Throughout the period, the manufacturer continues to build to
order to meet the demand from its direct channel. At the end of the period, the retailer may
observe excess demand over the initial stocking quantity. When that happens, the retailer will
backorder excess demand and will procure the needed quantity from the manufacturer. The
manufacturer will meet the retailer’s additional demand charging the same wholesale price as
before.

Given that the retailer backorders the excess demand from the manufacturer, the quan-
tity that the manufacturer sells to the retailer is the maximum of the retailer’s initial order
quantity, i, and the demand observed by the retailer, DE(S®, p*, p*). The quantity that the
manufacturer sells through the direct channel, on the other hand, is simply the demand from
the direct channel, DM (ST p" p*). Let ¢, denote the unit production cost of variant k. The
manufacturer’s expected profit is

M (S5 p* w,p") = > (i — ) E[DY (S, p", p")]
keSM

+ 3 (=) (e + B [DFS™ 9”07~ ] ). ©)

keSE

Notice from (9) that the first term corresponds to the expected profit from the direct
channel and the second term corresponds to the profit collected by selling to the retailer. We
substitute for y; in (9) using the definition in (5). Note that, by the assumption of normal
demand, we can replace F [D,?(SR,pM,pR) — yk]+ with o8 (ST p", p*)Iy(2;). Substituting
:LLZ(SRa pM7 pR) - TR(SR7 pM7 pR)QI?(SRa pR)a 8-k<SR) pM7 pR) = TR(SR7 pMu pR)qII:<SR7 pR>0k7 and

E [D]]CV[(SR, pM’ pR)} — 7_M(5R’ pI\/I’ pR)qu(pM)’

we obtain that the profit for the manufacturer is given by

HM(SR,pM, w,pR) — 7_M(51R’ p1W7pR) Z (pzf o Ck)qu(pM)

kesSM
+ TR(SRapMapR) Z (wk - Ck‘>9kqg(SR7pR)7 (1())
keSE
where

10



We refer to 0 as the "safety stock factor” for variant k. Notice the significance of the safety
stock factor: For each variant, the expected quantity sold by the manufacturer to the retailer
is the variant’s expected demand times its safety stock factor, which itself depends on the
service level and demand’s coefficient of variation, as shown in (11). This factor is always
larger than one. It captures the fact that the total quantity that the retailer buys from the
manufacturer is an amplification of the expected demand. To understand the intuition behind
this amplification, recall that the retailer backorders from the manufacturer whenever there
is a shortage. Therefore, the total quantity the retailer buys from the manufacturer is never
below the demand, but it may exceed the demand when the retailer overstocks. The factor

0, captures this effect.

4. The Pricing Problem in the Dual Channel

In this section we explore the retailer’s and manufacturer’s pricing problem assuming a Stack-
elberg game where the manufacturer is the leader. To examine the retailer’s pricing decision,
we assume that the retailer’s assortment, S¥, is exogenously fixed. The sequence of decisions
for this game is the following: (1) the manufacturer picks the wholesale prices, wy, and direct
channel prices, py/, (2) the retailer sets its prices, pi. We first analyze the retailer’s pricing
decision in response to the manufacturer’s wholesale prices, w, and direct channel prices, p".
As stated in the following proposition, we find that the retailer will price its products following

an equal effective margin property.

Proposition 1. Consider variant k in the retailer’s assortment ST. Let mf := pf — wy —
denote the effective profit margin of variant k. Given the vector of wholesale prices, w, the
vector of direct channel prices, p", and the retailer’s assortment, S®, any price vector that
15 optimal for the retailer is such that all variants have the same effective profit margin, i.e.,

my =m* for all k € SE.

Proposition 1 reduces the retailer’s pricing decision to picking a single effective margin,
m?®, for all the variants in its assortment S®. This result shows the same pricing structure as
a result in Rodriguez and Aydin (2010).

Recall the expression for the retailer’s profit, IT#(S%, p*, w, p*), given by (8). Using the

result of Proposition 1, we obtain:

m=.

> f — we — )i (S, p") = m™ > qf(S",p")

keSR keSE

11



Using the equality above, we can rewrite the retailer’s profit, II?(S%, p* p*), as
HR<SR,pM7pR) — 7_1?,(511%7 pZW?pR)mR' (12)

Furthermore, the probability that the customer chooses the retailer, 7%(S%, p*, p*), can be
rewritten as a function of m” instead of the price vector p*. To this end, for variant k£ in

retailer’s assortment S*, define the retailer’s surplus associated with variant k as
ne = oy — wy, — i for k € ST (13)

Note that the surplus is the customer’s expected utility from the variant minus the costs the
retailer incurs for carrying that variant. Using the above definition, we can define the function

vi(m”) as follows:
vE(m”) == exp([nf — m")/ps) for k € S%. (14)

Using (13) and (14), we can now write 7%(S%, p*, p®) in (4) as a function of the retailer’s

effective margin, m”, instead of the retailer’s price vector, p*,

TR(SR’pM7 mR) _
[ZkesR U;;(mg)} p2/p
exp (00) + [Syesnr vb(pp)]"™" + [Lpegn v (me)] /"

Using the expression above, we rewrite the retailer’s expected profit, II#(SE p* p") in (12),

(15)

as a function of the effective margin, m" instead of the price vector, p”
HR(SR,pM, mR) — TR(SR, pIM’ mR)mR' (16)

The following proposition uses the redefined profit function in (16) to characterize the
retailer’s optimal margin as a function of the wholesale prices, w, direct channel prices, p",

and the retailer’s assortment, S*.

Proposition 2. Given the vector of wholesale prices, w, the vector of direct channel prices,
p“, and the retailer’s assortment, ST, the retailer’s optimal effective margin is the unique

value of m* (ST, p*, w) that satisfies

1231
R SR, M7 — )
m ( p 'lU) 1 — TR(SR’pIW’ mR(SR7p1\4’ ’lU))

12



Proposition 2 characterizes the retailer’s optimal pricing response to any vector of wholesale
prices, w, and direct channel prices, p“, chosen by the manufacturer. Given the retailer’s
optimal pricing response, we next analyze the manufacturer’s optimal pricing decisions.

In the manufacturer’s profit function, the retailer’s price vector can now be replaced with
the retailer’s effective margin. The details of this simplification are provided in Appendix
C. This simplification facilitates further analysis of the manufacturer’s pricing problem. The

next proposition describes the properties of the optimal direct channel and wholesale prices.

Proposition 3. Define mj' := p) —c;, as the manufacturer’s effective profit margin for k € SM
sold through the direct channel and Wy, := (wy, — ¢ — p2)0y as the weighted wholesale price for
variant k € S®. At any optimal vector of wholesale prices, w, and optimal vector of direct
channel prices, p“:

(a) All variants k € SM will have the same effective margin, i.e. my = m™ for all k € SM.

(b) All variants k € ST will have the same weighted wholesale price, i.e. Wy = W for all
ke St

The result in Proposition 3 (a) does not comes as a surprise given that we found the
same structure in different settings, where the effective margin (i.e. gross margin net of unit
inventory cost) must be the same for all variants in the channel. In this case, what is the
same across variants is the gross margin because the manufacturer’s direct channel has no
inventory-related costs.

Proposition 3 (b) has important consequences regarding the effect of demand variability

on the wholesale prices, as we state in the following proposition.

Proposition 4. Suppose that all variants are the same in all respects but 0, i.e. o = a,
cp = c and vy, =7 for all k € S®. Let i and j be two of the variants carried in the retailer’s
assortment. If 0; < 0; then w; > w;. Furthermore, if ¢ and j are identical in all respects but

the demand’s coefficient of variation, with o; < oj, then w; > w;.

Proposition 4 states that the larger the demand variability of a variant (measured by
demand’s coefficient of variation), the lower the variant’s wholesale price. In general, the
proposition indicates that variants with higher safety stock factors will prompt lower prices
from the manufacturer. The intuition behind this result lies in the safety stock factor, 6.
Suppose we start with a number of products identical in all respects, and we then increase
the coefficient of variation for one of them, say variant h. Now, the safety stock factor for

variant h also increases. In other words, for variant h, the retailer’s order quantity is going

13



to be a larger amplification of the expected demand compared to other variants. Hence, this
variant now becomes more attractive for the manufacturer, so the manufacturer decreases the
wholesale price to increase the market share of this variant among others.

Using Proposition 3 we can recast the manufacturer’s profit as a function of a single
effective wholesale price (instead of a wholesale price vector) and a single effective margin for
the direct channel (instead of a price vector for the direct channel). These simplifications,
which are presented in detail in the appendix, allow us to further analyze assortment selection

and pricing in a dual-channel setting.

5. Effects of Adding a Retailer to a Direct Channel on
the Manufacturer’s Profit

In this section, we explore how adding an indirect channel (i.e. retailer) influences a man-
ufacturer currently selling directly to the customer. In order to understand the benefits of
dual-sales channels, we first explore the effect of adding an indirect channel on the pricing
decisions.

Recall that the manufacturer decides the wholesale prices and direct-channel prices. We
find that the manufacturer will always increase the gross margin used by its direct channel

when it adds an indirect channel.

Proposition 5. Let m)  be the manufacturer’s optimal direct channel margin when selling
through the direct channel only and m?'  be the manufacturer’s optimal direct channel margin

when selling through dual channels. Then, m} > m’

direct

It is interesting that the manufacturer increases its direct channel margin despite intro-
ducing a competing source of product, the retailer, into the channel mix. To understand the
intuition behind this result, note that the manufacturer’s choice of direct margin is ultimately
a trade-off between its sales volume and unit margin. Once the retailer is introduced to the
mix, it is true that the volume sold through the direct channel will decrease as some customers
will switch to the retailer. However, the manufacturer’s total sales volume, combined across
both channels, will now be higher than it was when the manufacturer had only the direct
channel, because fewer customers will now choose to go with the external alternative. Given
that the manufacturer’s total sales volume will increase after the addition of the retailer, the
manufacturer will respond by increasing its direct channel margin to take advantage of the

larger sales volume.
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SE 1 mM w m” I 1"
{0} | 3.0992 | — — [ 15992 | 0
{1} | 3.2839 | 3.1954 | 1.6586 | 1.8041 | 0.1586
{2} | 3.2489 | 3.1163 | 1.6278 | 1.7620 | 0.1278

Table 1: Manufacturer’s profit improvements of adding an indirect-channel to a direct-channel.
In this example, py = 1.5, ps = 0.5, ap = 10, a3 = as = 5, ¢1 = o = 1, 71 = 0.4034,
v = 0.08068 and 6; = 6, = 1.2008.

Given that adding a retailer results in an increase in both the total sales volume and
the direct channel’s effective margin, the manufacturer will always benefit from using a dual-

channel strategy.

Proposition 6. Let [TM  be the manufacturer’s optimal expected profit when selling through
the direct channel only and TIM ~be the manufacturer’s optimal expected profit when selling

through dual channels. Then, for any given assortments S™ and S® we have that 1M >
HM

direct ”

While the manufacturer always benefits from adding a retailer to the channel mix, the
size of the benefit does depend on the assortment offered through the retailer. In Table 1, we
present an example with three alternatives: The first example is one where the manufacturer is
only selling directly to the customer, i.e. S® = {f)}, in the second example the manufacturer is
selling variant 1 through the retailer, i.e. S® = {1}, and in the third example the manufacturer
is selling variant 2 through the retailer, i.e. S® = {2}. Notice that the manufacturer’s expected
profit, IT™ | increases as the indirect-channel is added as predicted by Proposition 6. However,
notice that carrying variant 1 through the retailer is more profitable than carrying variant
2. Also notice that variants 1 and 2 are identical in all respects except for the difference
between 7, and 7y, the parameters that capture the inventory-related unit costs associated
with variants 1 and 2, respectively. This example highlights two aspects of the problem we
are studying: First, the assortment decision on what to offer through the retailer plays an
important role on the manufacturer’s profit. Second, even when the manufacturer builds to
order (as is the case in our model), the inventory costs that the retailer incurs for its assortment
will influence not only the retailer’s profit, but also the manufacturer’s profit. Hence, we next

explore the assortment decision on what to offer through the retailer.
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6. Assortment Results

In this section, we explore the retailer’s assortment decision. Depending on the power structure
in the supply chain, the retailer may choose its own assortment or the manufacturer may
decide on the assortment it is going to offer through the retailer. Hence, in this section
we explore both cases. In terms of the timing of the assortment decision, we consider three
alternative scenarios. In Scenario 1, the manufacturer picks the assortment while it is choosing
its direct channel and wholesale prices. In Scenario 2, the retailer picks the assortment after
the manufacturer makes its pricing decisions. In Scenario 3, the retailer picks the assortment
before the manufacturer makes its pricing decisions.

Next we explore Scenario 1. Suppose that the manufacturer can pick the assortment offered
through the retailer, S¥. Then the manufacturer will offer every available variant as stated

in the next proposition.

Proposition 7. In Scenario 1, where the manufacturer is choosing the retailer’s assortment
in addition to setting the direct channel and wholesale prices, the manufacturer will always

choose to offer all variants through the retailer.

This result may seem surprising given the fact that the retailer’s assortment is going to
compete with the direct channel’s assortment. However, the manufacturer can always utilize
its ability to manipulate the retailer’s demand through its wholesale price choice. Hence, the
manufacturer can always price the products to get a favorable combination of market share
and margin.

Now consider Scenario 2, where the retailer picks its assortment after the manufacturer
makes its pricing decisions. In this scenario, we find that the retailer will always choose to

carry all available variants.

Proposition 8. In Scenario 2, where the retailer picks its assortment after the manufacturer

makes its pricing decision, the retailer will choose to offer every available variant.

The driver of this result in Proposition 8 is the fact that the retailer uses its pricing decision
to balance the gross profit and inventory-related costs of its variants so that all variants are
equally attractive to be carried in the assortment.

The common ground that joins scenarios 1 and 2 is that they both assume that the
assortment decision is made between the manufacturer’s pricing decisions and the retailer’s
pricing decision. In contrast, Scenario 3 assumes that the retailer picks its assortment before

the pricing decisions for either firm are made.
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Profit Prices
St Manufacturer | Retailer pY Py w1 wWa i 5
{1} 1.9738 0.1731 | 4.6535 | 4.6535 | 4.5827 - 7.0810 -
{2} 1.9347 0.1175 4.6231 | 4.6231 — 4.1709 - 7.7250
{1,2} 1.9812 0.1722 | 4.6603 | 4.6603 | 4.6535 | 4.0084 | 7.1509 | 7.6172

Table 2: Manufacturer and Retailer’s Profit and Margins for a Two-Variant Assortment. In
this example, the variant 1 and 2 are the same in all respects but the demand’s coefficient
of variation oy, where, o1 = 0.09, 0o = 0.25, 3 = 1.7, ps = 0.3, ap = 10, gy = ay = 5,
c1=¢c=1,co1 =cos =4, cuy =cuy =4 and z; = zo = 1.7.

Under Scenario 3, we find that even if the retailer has no constraints on the number of
variants to carry nor has a fixed cost for carrying a variant, the retailer may still choose not
to carry all possible variants in its assortment. We illustrate this result with an example
in Table 2. In this example, the manufacturer has an assortment of two variants and the
retailer can choose to carry only one variant, two variants or neither. Observe that when
the retailer carries variant 2 in its assortment (either on its own or along with variant 1) the
retailer charges larger prices to the customer. The reason for increase in prices is that variant
2 shows higher demand variability and therefore, the inventory related costs associated with
carrying this variant are large for the retailer. It is interesting that this will happen even when
the manufacturer will choose a lower wholesale price of variant 2 compared to variant 1, as
discussed in Proposition 4. In this example, the retailer would choose to leave variant 2 out

of its assortment in order to push the inventory related costs down.

6.1 Assortment Selection Problem

An important assumption made in the previous section for Propositions 7 and 8 is that there
are no constraints on the number of variants that the retailer can offer and there are no fixed
costs for carrying a variant. In this section we relax this assumption for two simplified versions
of the problem. First, we explore a problem where the retailer is constrained to offer only
one variant. This setting allows us to explore what product characteristics present conflicts
between the retailer and the manufacturer when it comes to the assortment offered by the
retailer. Second, we explore the case where all variants are identical and there is a fixed
cost associated with the number of variants carried at the retailer. This setting allows us to
explore conflicts between the manufacturer and the retailer in terms of the size of the retailer’s

assortment.

17



6.1.1 Variant Preference

Consider the case where the retailer can offer a single variant. The next proposition compares

Scenarios 1 and 2.

Proposition 9. Suppose that the retailer can offers only one variant from S™. Then the
variant that would be offered through the retailer under Scenario 1 is the same as the variant

that would be offered under Scenario 2.

Recalling the definitions of Scenarios 1 and 2, Proposition 9 states that as long as the
retailer’s assortment is chosen after the manufacturer sets its prices but before the retailer
does, the manufacturer and retailer are in agreement about what variant the retailer should
offer.

We next analyze the case where the retailer chooses its assortment before the manufacturer
sets its prices: Do the manufacturer and the retailer still agree on what variant to offer through
the retailer? In other words, we compare Scenario 1 (where the manufacturer chooses what to
offer through the retailer) and Scenario 3 (where the retailer chooses what to offer, but before
the manufacturer sets its prices). Proposition 10 identifies certain conditions under which the

same variant is chosen under both Scenarios 1 and 3.

Proposition 10. Consider a manufacturer’s assortment that consists of only variants 1 and
2, i.e. SM ={1,2}. Let variants 1 and 2 be the same in all respects but the overage and/or
underage costs, i.e. oy = qu, ¢; = Co, 01 = O5. Under both Scenario 1 and Scenario 3, the
variant that will be offered through the retailer is the one with the lower underage/overage

cost.

Proposition 10 presents a setting in which the retailer and the manufacturer will not face a
conflict in terms of what should be carried through the retailer. However, the same is not true
for variants that differ only in the demand’s coefficient of variation. In such a case, we find
that there exist situations where the manufacturer, in Scenario 1, will prefer to offer through
the retailer the variant with the higher demand’s coefficient of variation whereas the retailer,
in Scenario 3, will choose the variant that has the lower coefficient of variation. In Table
3, we provide an example showing such a conflict. In this example there are two variants,
labeled 1 and 2. They are the same in all respects but the demand’s coefficient of variation,
0. The retailer decides according to Scenario 3. Here the coefficient of variation for variant

2 is significantly larger than the one for variant 1. Observe that the retailer’s expected profit
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st | m™ | ot | pi ps' wi ws P p5
{1} [ 5.3526 | 0.2864 | 7.9969 | 7.9969 | 7.6224 | [ 102340 | -
{2} [ 5.3880 | 0.2507 [ 8.0322 [ 8.0322 | - [67201 | - [10.4254

Table 3: Profits of a Retailer’s Single-Variant Assortment. In this example, the variant 1 and
2 are the same in all respects but the demand’s coefficient of variation o, where p; = 1.7,
e = 0.3, 01 = 0.09, 09 = 0.25, a9 = 10, a1 = as = 10, ¢; = ¢ = 1, coy = coy = 4,
cup = cup =4 and 2y = 29 = 1.7; 1 = 1.1546, 05 = 1.4296, v; = 0.6252, and v, = 1.7366.

is higher when it carries only variant 1, whereas the manufacturer’s expected profit is higher
when the retailer carries variant 2.

The most significant driver of this conflict is the fact that variant 2 has a higher safety
factor, i.e. 6y > #;. Hence the manufacturer will show preference for variant 2. However,
variant 2 also has higher inventory costs, i.e. 5 > 7; which makes it less attractive for the

retailer. Hence, the retailer prefers variant 1, but the manufacturer prefers variant 2.

6.1.2 Assortment Size

In this section we explore the assortment size preference of the manufacturer and retailer for
a simplified version of the base model. Suppose that both the retailer and the manufacturer
incur a fixed cost for every product carried in the retailer’s assortment. Furthermore, suppose
that all variants are identical, i.e., ay, ci, 7 and @ are all the same for all k € SM. We assume
that the assortment decision is made after the manufacturer picks its prices, i.e. Scenarios 1
and 2. In this setting, we compare the retailer’s and manufacturer’s preference for the size of
the assortment offered through the retailer. We find that the manufacturer prefers a larger

assortment than the retailer.

Proposition 11. Suppose 0, < 2. The optimal size of the retailer’s assortment is larger

under Scenario 1 than under Scenario 2.

Proposition 11 implies that, when the assortment decision is made after the manufacturer’s
pricing decision but before the retailer’s pricing decision, the manufacturer will always prefer
a broader assortment than the one preferred by the retailer. There are two reasons for this
discrepancy. First, the retailer incurs inventory costs for each variant in its assortment while
the manufacturer doesn’t. Second, when the demand falls short of stock level, the retailer
sells only up to demand, but the manufacturer’s sales quantity is what the retailer stocked.
Thus, the manufacturer always sells at least as much as the retailer, and sometimes strictly

more, thereby benefiting more from each variant than the retailer does.
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7. Conclusion

This work studies a supply chain structure where the upper echelon supplies and competes
with the lower echelon. We study this setting by modeling a build-to-order manufacturer
selling directly to the customer and also through a retailer. The customer is assumed to be
able to purchase from either firm and the manufacturer will offer all available variants, whereas
the retailer will offer only a subset of variants.

There are three main challenges that this type of problem poses: First we have the manu-
facturer’s decision to set direct channel prices and wholesale prices, while taking into account
the competition from the retailer. Second, the retailer’s manages not only prices but also
inventory levels. Third, both the retailer and the manufacturer must be concerned about the
effects of the retailer’s assortment on their profits.

In this setting, we first look at the firms’ pricing problems. We find that for the retailer,
the pricing structure will be the same as the one found in earlier work (Rodriguez and Aydin,
2010), where the prices should follow an equal effective margin. The optimal wholesale prices
on the other hand show a different structure: The wholesale price net of unit production and
inventory costs, weighted by the item’s safety stock factor, must be the same across all items.
Here, the safety stock factor is a function of the item’s service level and demand variability.
This structure has some immediate implications. For example, if all items are the same but
some show higher demand variability, then those items with higher demand variability will
have a lower wholesale price attached to them. The rationale behind this result is that, for
these items, the retailer’s order quantity will represent a larger amplification of the expected
demand, compared to other items with lower demand variability. Hence, the manufacturer
will want these items to have a larger market share, which can be induced by keeping the
wholesale price low.

Given the increasing diversification of channels, we also explore if a manufacturer, who is
currently selling through a direct channel, benefits from adding a retailer to its channel mix.
This decision is non-trivial because the two channels will be competing against each other.
We find that even though the direct channel will observe a decrease in its market share,
the manufacturer will increase its total market share (where total market share includes the
demand from both channels). Hence, the manufacturer will always benefit from adding a
channel, giving it another venue to capture more customers.

One of the main contributions of this work is that is explores the retailer’s assortment

decision. First, we assume that there are no limitations on the number of variants to offer
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through the retailer and that there are no fixed costs of carrying a variant. In this setting,
we explore scenarios that differ in mainly two aspects: who decides the retailer’s assortment
(the retailer or the manufacturer itself) and when the assortment decision is made relative to
pricing decisions. We find that depending on the sequence of decisions, the manufacturer’s
preference may conflict with the retailer’s. In particular, in certain cases, the manufacturer
wishes the retailer to offer items with high demand variability while the retailer opts for low
demand variability.

In addition, when both the retailer and the manufacturer incur a fixed cost for the variants
carried by the retailer, we find that the manufacturer prefers a broader assortment than the

retailer even when the manufacturer’s fixed cost is slightly higher than the retailer.
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Appendix

Proofs for Section 4
In preparation for the proofs that follow, we note below the derivatives of purchase probabil-
ities defined in Section 3.1. The following derivatives can be verified through some algebra

using the definitions of purchase probabilities in (1) and (4):

o2 (S™,p")  qi(S",p") .

_ Z‘Svn7 n,ZGSn,Z k’ 17

5 () P (S",p") 7 (17)
g (S™, p") (5™, p")

_ 1_n8n7n’k€5’n7 18

s TG (18)

R(QR M R R(GQR pr

or"(S ,f ,P") _ _qk(S P )TR<SR7pM’pR)[1 — 77(S% p" p")). (19)

opy, M1

The proofs of the propositions in Section 4 are for any given S; hence S is dropped from

the argument list of the functions.

Proof of Proposition 1: The retailer’s problem in (8) reduces to picking the price vector p”
to maximize its expected profit function IT#(p", w, p*). We start by proving that any optimal
price vector p™ must satisfy the first order conditions (FOC) of the retailer’s objective function
1% (p", w, p*).

Using the derivatives of the functions provided in (17), (18) and (19) it can be verified
that the derivative of retailer’s expected profit, II(p™, w, p*), given by (8), is:

O (p*, w, p")

opy,
R R(,.R :uQ(l — TR(pM’pR))
(@ pgE (") | D PR~ we— ) G (P |1 -
: = H . (20)
2

— (py — Wi — k) + o

It can be shown that (20) is negative (positive) when pf is very large (very small), i.e.,

aHR M R 0HR M R
lim (p ,Rw,p ) <0, and lim (p ,R’w,p )
P00 op; pf——o0 Ip;

> 0.

Hence, it is never optimal to set one of the prices at a boundary, and the optimal price vector
must satisfy the FOC.

To conclude the proof of the proposition, we next prove that any optimal price vector p*
must satisfy the property that pf — wj, — 4 is the same for all k € S®. Setting the derivative

of IIE(p*, w, p*), provided in (20), equal to zero and re-arranging terms yields the following
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FOC for IT1%(p*, w, p*):

R R R, R 2 IT—7" pMapR
pi—w ==Y (0f — we — ) gi (P") [1- ( ( ) + Ha-
keSkE i

Observe that the right-hand side (RHS) of the above equation is the same for all k € SE.

Therefore, pf — wy — v = m” for all k € ST, where m”® is the effective profit margin for the
retailer.
Proof of Proposition 2: In preparation for the proof, we note below that the derivative of

(15) is:

aTR(pA{7 mR) TR(pM7 mR)
— 1 — R, M R < 0
e o [1—7%(p", m")]

Using this derivative it can be verified that the derivative of IIf(p*, m*), given in (16), with

respect to m” is given by:

aHR(pM7mR) me
— R M R 1 o 1 _ R M R . 21
g =T @hmY) LTt m) (21)

Recall from Proposition 1 that the optimal prices must be interior solutions, that is, —oo <
pi < oo for k € SE. In addition, observe from Proposition 1, the margin, m”, and the price,
py, differ by wy, + 5. Therefore, for finite w, the optimal margin m"™ must also be an interior
solution, i.e., —oo < m® < oo. Thus, m” must satisfy the FOC of II1%(p™, m®).

Setting the derivative of I1%(p™ m=) (provided in (21)) equal to zero and rearranging
terms, yields the following FOC for II1%(p", m*) with respect to m*:

H1
R _ . 22
m 1 — 77(p™, m») (22)

To conclude, we next prove that the m” that satisfies this FOC is in fact unique. Substituting
for 7%(p", m") in (22) with the expression provided in (15) and algebraically manipulating

the terms, we can rewrite the above equality as:

(mn, ) exp (mR - 1) _exp(=1) (> iesr eXp(n;;/u2)],LL2/u1

=1 .
exp(ap) + [ZkesM Uk@f)}m/m

M1

M1

Applying the definition of the Lambert-W function (provided in the preamble of Appendix

A) and with some algebra we can rewrite the above expression as,

w (eXp(—l) (> hesn eXp(nﬁ/uz)}“W)] | (23)

exp(ap) + [ZkesM Uk (Pf)]uz/m

m*(p", w) =
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Observe that the right-hand side of the above equality does not depend on m" and the left-
hand side is strictly increasing in m”. Therefore, there exists a unique m” that satisfies the
FOC.

Proof of Proposition 3: This proof will proceed in two steps. In Step 1, we will rewrite the
manufacturer’s profit, given in (10), as a function of the optimal effective margin chosen by
the retailer in response to the manufacturer’s wholesale and direct channel price vector, i.e.,
m"(p",w) as provided in (23). In Step 2, we will use this version of the manufacturer’s profit
function to prove the properties that the manufacturer’s optimal price vector must satisfy.

Step 1: We will show that the manufacturer’s profit in (10) can be written as

HM(SR,pM, w, mR(SR,pM7 'lU)) — TM(SR7pM’ mR(SR7pJW7 'lU)) Z (pzf . Ck)qgl(pzw)
keSM

+ (ST Y mA (ST pY w)) Y (w — )0k (ST, m (ST, p, w)),
keSE

where 77 (p", m"(p",w)), ™ (p", m"(p", w)) and ¢f(m"(p",w)) are defined appropriately.

w2y W(Q(pY, w))
T (p , T (p 7w)) - 1+W(Q(pM,w))’

[ZkeSM Uk (pf)] el

exp (00) + [Ty vn(i)] " | 1L+ W (Q(pY,w))]

Y

T(p", m"(p", w)) =
|

and

R R M _ Ul?(mR(pM7w)) R
g (m*(p", w)) = S o (e, ) for all k € S*.

Let Q(p", w) be defined as:

v ) o O [Siegr explon — wy — 3l/p2))"*™"
Qp", w) = A\ ]H2/ (24)
exp(ap) + [ZkeSM k(D )}
Using the expression above we can write m”(p", w) in (23) as
m" (P, w) = [1+W(Q(p", w))].
Observe from Proposition 2 that 77(p", m"(p",w)) = 1 — m. Substituting in this

expression for m*(p", w) with py [1 + W(Q(p", w))] we can write 77°(p", m"(p", w)) as,

' (p",m"(p", w)) = § JVFVV(I?(%)(N;;?Z)) ' (25)
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Next we recast 7"(p",p") in (4) in terms of m”*(p", w) instead of p®. To that end, we
replace vg(pf) in the denominator of (4) with v (m”(p", w)), where vji(m”(p", w)) is defined
by (14):

T(p", m"(p", w)) =
[ s o ()]
exp (o) + [Spegn k(0] + [Spesn vf(mo (p*, w))]

Given that m"(p",w) = p [1 + W(Q(p", w))] the definition Q(p", w) and the fact that

(26)

pe/pa’

for any value a > 0 we have that exp(W(a)) = %, we can write the following equality:

w2/ p1 p2/pa
[Z vf(mﬂ(p”i'w))] = | > exp(lnf - m“(p”f,w)]/uz)]

keSE

w2/
= Z exp([ny — 1 [1 4+ W(Q(p", w))] /Mz)]

= W(Q(p", w)) |exp (ap) +

pa/p1
> Uk(p?f)]

keSM

Hence, we can write 7"(p™, m”(p",w)), given by (26),

[ZkeSM Uk (pf)]M/m .
exp (o) + [ZkesM Uk(pf)}mml} [1+W(Q(p", w))]

(P, m" (p, w)) = | (21)

As for ¢&(p*) given in (1), we use the definition of v (m*(SE, p* w)), in (14), to write,

(", w)) = — I PTW) e gR (28)

 Dkesn vi(m* (p¥, w))

Provided the expressions above for the purchase probabilities, i.e. (25), (27) and (28), we

can now recast the manufacturer’s expected profit in (10) as,

HM(SR,pM, w, mR(SR,pM7 'lU)) — TZVI(SR7pZVI’ mR(SR,pM, 'lU)) Z (pl\k/f _ ck)qgl(pM)
kesSM

+ 7S, p, m"(SE, p”, w)) Z (wi — c)0rqr (ST, m™ (ST, p¥, w)). (29)
kesSk

Step 2: To continue with the proof, let us now show that any optimal price vector p
and w must satisfy the first order conditions (FOC) of the manufacturer’s objective function

M (p™ w, m*(p", w)), given by (29). Below are the partial derivatives of Q(p™, w), given in
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(24), T%(p", m"(p",w)), given in (25), 7(p", m"(p", w)), given in (27), and g} (
given in (28).

p,w) _ ¢ (p")Qp", w)
opy! Ha
or"(p, m"(p", w)) _ q¢'(p")
opy! H1
X [1—=7%(p", m"(p", w))lT" (p", m"(p", w)),
orv(p”, m"(p", w)) _ —qi'(p")"(p", m"(p", w))
Ipy; i
1 —7"(p", m"(p", w))[1 + W(Q(p", w))]

+ (P, M (pY, w))T (pY, m" (P w)) |
N(p",w) —q(p")p", w)

™(p", m"(p",w))[1 + W(Q(p", w))],

TR(pJVI’ mR(pl\l’ w))

X

owy, H1 7
T P o)) KB g w) 1~ 7 (0
aTM(pM,g:UI;(pM,w)) _ q;?l(Lzl?R)TM(pM’mR(pM7w)w(pM’mR(pM’w))
< L= 7 (p, m (p, w))],
) _ D) 1 i
dailm*(p* w) __gblm"(p w))1 — g m*(p* w)] | o
Owy, K2 7

Using the derivatives above and some algebra one could verify that:

oI (p*, w, m"(p*, w)) _ g (p*)7(p", m"(p", w))

Ipy! Ha
r > ) = c)d)(P") — By — o) + po
i jesM
1+ W(Q((p", w))
. Z pJ B C] qJ ) [1 o TM(pM’mR(pM’w)) R M, R( M
jesM -7 (p M (p ’w))
+ > (w; = )¢5 (m*(p", w)) 7" (p", m" (p", w))[1 — " (p", m"(p", w))]
jESR
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m"(p*, w)),

(30)



and

aHM(pM, w, TnR(pM7 'lU)) _ qllé/l(pM>TR(p1\l7 mR(p1W7 'lU))

Qwy, H1
[ 0} = ¢)g) (") (p", m  (p¥, w))[1 — 7 (p", m" (p", w))]]
jesM
_ wi: — c:)0:a%(m*® M,’lU — 7R M7m1?, J\l,w 2
y ]g( i — ¢i)biq; (m" (p", w))[1 (p (p", w))] a1

— ELEST (wy — )8 (m (", w)) — (wy, — e, — p12)6
M2 Pyt

It can be shown that (30) is negative (positive) when p}’ is very large (very small), i.e.,

8HM <pJM’ w, mR(pJW’ w)) aHM <pZVI’ w, mR(pl\l’ ’l,U))

lim < 0and lim > 0.
P00 Opy! Pl =0 Opy!

Hence, it is never optimal to set one of the wholesale prices at a boundary, and the optimal
p" must satisfy the FOC. Similarly, it can be shown that (31) is negative (positive) when wy,

is very large (very small), i.e.,

M (M R gy M M (M R paM
lim O (p", w, m" (p”, w)) <0and lim O™ (p", w, m"(p", w))

> 0.
Wp—00 awk Wp——00 8wk

Hence, it is never optimal to set one of the prices for the indirect channel at a boundary, and
the optimal w must satisfy the FOC.

To conclude the proof of Proposition 3 (a), we next prove that any p" that satisfy FOC of
M (p™, w, m*(p", w)) with respect to p* must also satisfy the property that p)' — ¢, is the

same for all k € SM. Setting (30) equal to zero and rearranging terms yields the following:

P ==Y (0} =)} (P") + p2

jesM
i > () - ¢)d) (") L —=7"(p", m"(p", w))[1 + W(Q(p", w))]
- p; —¢)q; (P
we Lt — (", m* (", w)) T (p", m" (p", w))
ILL R R M R M R M R M R M
0 2 (w5 = )00 (m (P w)) T (Y, m (Y, w)[L = (Y, m (¥, w))]
€Sk

Observe that the right-hand side (RHS) of the above equation is the same for all k& € SM.

Therefore, pi' — ¢ is the same for all k& € S™. This concludes the proof of Proposition 3 (a).
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Likewise, setting (31) equal to zero and rearranging terms yields the following:

(wk—w%——uﬁ9k=ig-2:(p?—-%?%%pMﬁ”%pMﬂnROfCUOﬂl—-prMﬂan“ﬂvD]

,LLl jESIM
M R R M R M R M

— 223 " (w; — ¢))0;¢7 (m"(p", w))[1 — 7 (p", m" (p*, w))]?
MljeSR

- Z (w; — ¢;)0;q5 (m"(p", w)).
jeESR

Observe that the RHS of the above equation is the same for all k& € S®. This implies that
(wy — ¢ — p2)b is the same for all & € ST. Therefore, the optimization over prices re-
duces to optimizing over two margins, m* and w, where m* := p¥ — ¢, for all k € SM | and

W = (wy, — cx — )0 for all k € SE.

Proof of Proposition 4: Recall the definition of 0 provided in (11), i.e. Oy := oy (2 + In(2x))+
1. We now replace Iy(zx) in 8y by its definition, In(zx) := oén(2x) — 2k(1 — Pn(2k)), where
on(-) and @y (-) are the standard normal density and distribution functions, respectively.

After replacing In(z;) and with some algebraic manipulation we obtain
O == ox (n(21) + 2P (21)) + 1.

We note that ¢y (2x)+2,Pn(2x) > 0, because lim,, ., [¢n(2k) + 2P (21)] = 0 and ¢y (2x) +
21PN (zy) increases in zj. Therefore, observe from the above equality that 6y, is increasing in
0. This fact will be useful in the rest of the proof.

Now recall from Proposition 3 that W = (wy — ¢, — p2)0y for all k € SE. Given that
the proposition assumes that all variants are the same in all respects but o, notice from the
expression that variants with higher 6, will have lower wy. Recall that 6 is increasing in oy.

Hence, higher o, implies lower wy,.

Proofs for Section 5
For the purposes of this section, the retailer’s assortment, S%, is fixed and hence we drop S%
from the argument list of the functions. We first provide and prove three lemmas that will be

used in the proofs of the propositions in Section 5.
Lemma 1. The manufacturer’s profit, 1M (p, w, p*) in (10), can be written as:
M (m™, @, m"(m",w)) =

TM(mJW7 mR(mNI7m))mJW + TR(mJ\/I7 mR(mJW7m)) Z (@ + Qkﬂ2)q;§<m}2(mw]’w))’
keSE
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where

v (m™) = exp([ag — ¢ —m™]/ug) for k € SM, (32)
vp(m®(m",w)) = exp([og, — W/O — cx — 2 — Y — m"(m™, )]/ p2) for k € SE, (33)
5, m () =

[ZkESR UZ(mR(mM, w))} w2/ p

n2/p NS (34)
exp (ap) + [EkeSM U;cw(mM)} + [EkeSR vg (ms(m, w))}
™(m™, m"(m", w)) =
M, ar\] M2/ B
[Zkesf;f;]:l(m )] ; (35)
exp(ag) + [P pegn v (m)] " 4 [30, g v (me (m, @)
and g (m"™(m", w)) = v (m" (m”, ) (36)

> jesn vy (m*(m, W)’
Proof of Lemma 1: Let v}/(m") and vji(m”(m",w)) be as defined in the statement of the

lemma. Using Proposition 3 (a) it can be verified that
vy (m") = vk (py), (37)
where vi(p}) is as defined in (2). Similarly, using Proposition 3 (b) it can be verified that
v (m"(m", w)) = vi(pR)- (38)

Using the equalities in (37) and (38) we will make the following three observations:

Observation 1: Recall the expression for 7%(p", p*) given in (4), i.e.

[ZkeSR Uk (pﬁ)] el ‘
exXp (040) + [ZkeSR Uk(pgﬂmml + [ZkeSM Uk(pjlg)]w/m

Using the equalities in (37) and (38), observe that

T (p", p") =

TR(pM,pR) — 7_R(TnM7 mR(mM7m))7

where 7%(m™, m”(m™,w)) is as defined in the statement of the lemma.

Observation 2: Recall the expression for 7¥(p", p”) given in (4), i.e.

[ZkesM Uk (pf)} e/
exp (o) + [ZkeSR Uk(pg)}mml + [ZkesM ”k<pf)}#2/m

Observe that 7 (p", p") = 7" (m™, m"(m™,w)), where 7(m™, m"(m",w)) is as defined in the

7_M<plw7 pR) —

statement of the lemma.
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Observation 3: Recall the expression for ¢i(p”) in (1), i.e.

R R Uk(pz) R
= - fOI' all k e S .
W) = S o)

Observe that ¢i(p”) = ¢i(m"(m",w)), where ¢i(m”"(m",w)) is as defined in the statement of
the lemma.

Using Proposition 3, we make the following two observations.

Observation 4: From Proposition 3 (a), we have that py = m" + ¢,. Hence, observe
that we can rewrite the term ), v (p) — cx)g)(p") in (10) as just m* (this is because
D kesy @ (PY) = 1)

Observation 5: From Proposition 3 (b), we have that wy = wW/60y + ¢, + 2. Hence, observe
that we can write the term ), _or(wi — cx)0kqr (P") in (10) as >, cor (W + Orpiz) gy (P").

Recall the definition of IIM (p* w, p*) in (10), i.e.

HM<pMa w:pR) =
T (p",p") Y (0 — gy (P) + 7P, p") D (wi — cx)Okgi (P7)-
kesM keSE

We now use observations 1 through 5 and substitute in the above equation: 7(m", m"(m",w))
for 7 (p™,p"), (MM, m"(m™, w)) for 7¢(p",p*), qi(m"(m*,w)) for qi(p*), > resr(W +
Orpiz)qi (m*(m, w)) for 3 gr(wr — c)brqi(p®) and m™ for 32, o (py — cr)q' (p"). This
yields

M

HM(mJ\l, w’ mR(mAI’@)) — TI\/I(mAI’ mR(m]\/I7w>>m

+ 7 (m", m"(m", W) Y (W + Opra)gi (m*(m¥, ). (39)
keSE

Lemma 2. The manufacturer’s profit function, IIM (m* w, m®(m™,w)), given in Lemma 1,

can be written as:

Y (m", @) = 7 (m", W)m" +7*(m", @) Y (W + Oppuz) G (", ),
keSE
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where
. exp(—1) | > esr exp([ar — cx — Yo — p2 — W/0;]/ o)
Qm*, W) = M p2/p ’
exp (ao) + [PCgesm vl (m™)]
vy (m™) = exp([ag — ¢, — m™]/uz) for k € SM,

r2/u1

Ui (m™, w) = exp([ae = W/0 — cx — pi2 — Y& — pa[L + W (Q(m™, W))]]/ i2),
) — W)

’ 14+ W(Q(m", w))’
?}W(mlvl W) = [ZkESM U]J;J(mM)]'LQ//“

) - pa/u1 —
[explon) + [Seesn vt (m)] ] [+ WO, )
o (m, )
5 csn 0 )

Proof of Lemma 2: Let us first define

and qg(m",w) =

o exp(=1) [ZjesR exp([ax — e — e — p2 — w/ej]/ﬂ2)r2/m
Q(m", w) = T . (40)
exp (@) + [Fpegn v (m™)]

Recall from Proposition 2 that

P o
1 —77(m™, m*(m™,w))

Replacing 77%(m™, m"(m",w)) in this expression with its definition in Lemma 1 we obtain:

m (@) exp (ao) + [Lpegn vp ()] 4 [Syeon vf(m (m, )]

z exp (a0) + [Vpegn v (m))"*"

exp(=m"/p1)

[ esnexpllon e == o = w8 /)]

exp () + [Spesn v (m )]

With some algebraic manipulation we now obtain:

e (52

-1+

exp(—1) [Zjesﬁ exp([o — ek — M — M2 — @/0]-]//@)} et

oxp () + [Xpegu v (me)] "2

Observe that the right-hand side of the expression above is the same as Q(m",w). Using the

Lambert-W function provided in the preamble of Appendix A, it could be shown that the
expression above can be written as:
m*(m™, W)

1= WA, w)). (41)



We now use the expression above written in the form of
() = 1+ W(Q(m*, @) (42)

to make some observations.
Observation 1: Recall from Proposition 2 that 7%(m",m"(m",w)) = 1 — =l=. Re-

placing m”"(m™,w) in this expression by the definition of m"(m",w) in (42), we can observe

that:
?R(mM7w) — TR(mIW’ mR(mM’w))’

where 7%(m™, W) is defined in the statement of the lemma.

Observation 2: Recall the expression for vji(m”(m",w)) defined in Lemma 1, i.e.
vp(m"(m", W) = exp([oy, — W/0) — ek — p2 = Y — m" (m",W)]/ p12).
Substituting above for m”*(m,w) with p;[1 + W (Q(m",w))] we obtain:
vp (m"(m", W) = exp([o — W/0 — cx — 2 — Y — pu[1 + W(Qm™, )]}/ p12).

Observe from above that vi(m®(m",w)) = v;(m",w) where v;(m",w) is as defined in the
lemma.

Observation 3: Recall from Proposition 3 that p;’ = m" + ¢;. Replacing p; with m" +
¢ in the expression for vg(py') provided in (2), we conclude that vg(py) = vy (m"). Using
Proposition 3 we recall also that wy = Wy /0 + ¢ + po. Replacing wy, with w /0y + ¢ + po
and vg(p)) with v(m") in the expression for Q(p", w) provided in (24) we conclude that
Q(p”,w) = Q(m", w), where Q(m",w) is provided in (40).

Recall the expression for 7(p", m"(p", w)) provided in (27), i.e.

[ZkeSM Yk (pf)] i _
exp (o) + [Cpesnr ve(p)] " [L+ W(Q(p, w))]

Tﬂl(p]\/f7 mR(pM7 w)) — |:
Notice that replacing vi(p})) with v}/(m") and Q(p",w) with Q(m",w) in the expression
above we can conclude that
Tkl(m]%’ mR(mM7 m)) — ?Al(ml\/j7 w>‘
Observation 4: Recall also the expression for ¢f(m®) in Lemma 1, i.e.

v (m”(m", w))

2 jesn v (m*(m, W)

qg (m"(m",w)) =
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Using Observation 2, we can substitute vy (m",w) for vji(m"(m",w)), which will allow us to

observe that

g (m"(m",w)) = gi(m", w).

Using observations 1 through 5, we now replace 7 (m", m"*) with 7"(m",w), 7%(m", m")
with 7%(m™, w) and ¢ (m”) with ¢¢(Q(m™, w)) in the manufacturer’s profit function ITM (m™, w, m~)

in (39). This step yields

I (m*, ) = 7 (m", W)m" + 7 (m", W) > _ (W + Opp12) G (m", 0). (43)
keSk

Lemma 3. Consider a manufacturer selling through the direct channel only. Let my! g0 =

py — ¢ denote the gross margin for variant k € S™. Then, any price vector that is optimal for

M
direct

the manufacturer is such that all variants have the same gross margin, i.€. My 4 ., = M
for all k € S™. Furthermore, the manufacturer’s optimal direct channel margin is the unique

value of m  that satisfies

direct

H1
Moo= 44
mdzrcct 1 _ 7_1\4 (mM )7 ( )

direct direct

where

/
[ZkESM vy (mﬁm)}m "

exp (ap) + [Spegn v (my,. )]

(45)

M ) M .
Td’i'r'ect( di'rect) -

M

and vy (my),....) = exp(lon — e —my 1/ pa)-

Proof of Lemma 3: For a manufacturer selling only through a direct channel, the probability

that a customer purchases from the direct channel, denoted with 7 (p"), will be given by:

[ e ve(pp)] 2"

Toreed(P") = - (46)
exp (a0) + [Cpesu vi(pi)]""
Using this probability, the manufacturer’s expected profit will then be given by:
IY,.(P") =700 (0") D (0 — )i (P"). (47)
kesM
Taking the derivative of (47) yields,
M M M MQ [1 - T(j‘?ﬂlrect(pzw)]
W) _ et | — 0 e (PP 48)
opy! B 2 sest
—pr e —1
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It can be shown that:

- oyt ., (™) : ol (™)
limyy oo Pt > 0 and limyy o, Tt < 0.

Hence, p" must satisfy FOC, where the FOC are obtained by setting (48) equal to zero
yielding:

p- o= 3 ) - ety (1- ) g (19)

jesM f

Observe from above that the right-hand side is the same for all k£ € SM. Let m»  be the

direct

M

profit margin for the manufacturer, i.e. mJ)  , := p;' — ¢x. Using this margin definition we

now write the manufacturer’s purchasing probability and expected profit as,

w2/ p
M ( M ): [ZkESM U/1;4<m3jpect):| S

direc direc ’ (50)
' ' exp (aO) + [ZkESM U?(mﬁfmt)}uﬂm
where vg(m* ) :=exp(lag —cx —m 1/u9), and
c]i\g«ect (mfxmct) = le\;lrect( Zrect)mflfrect' (51)

Recall that m?  must satisfy FOC. Taking the derivative of (51) and setting it equal to
zero yields the following FOC for the profit margin:

H1
Moo= . 52
mdm‘ect 1 _ 7_1\4 (mM ) ( )

direct direct

Proof of Proposition 5: Let m?  be the manufacturer’s optimal direct channel margin
when selling through the direct channel only, and let m}  be the manufacturer’s optimal
direct channel margin when selling through dual channels, as required by the proposition.
We first derive conditions that m)’  must satisfy for the dual-channel setting and provide an
expression for the m)'  that satisfies those conditions.

In particular, we show that the optimal m" for the dual-channel is such that:

[ pegn vit(me )]

exp(ap)

M
mdual, _:ul 1 +

X 14+ 0 (my, W)W (QmY,, W) | . (53)

jeESE
Recall from the proof of Proposition 3 that any optimal price vector for the manufacturer
must satisfy FOCs. Therefore, m* and w will also satisfy FOCs. We next use the FOCs to
derive a simpler condition that the optimal m" must satisfy. This proof uses the functions

defined in the statement of Lemma 2.
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M

Provided next are the derivatives of the functions Q(m", w), 7%(m",w), 7%(m",w) and

gi(m™, w), all defined in Lemma 2, with respect to m" and w:

aQ(mJ\47m) B Q(m”’,@) ?M(mM,w)I:l + W(Q(mM,@))],

8mM o 1
o7 (m, ) 7 (m*, w)7" (m*, w)[1 — 7(m, w)]
omM N 1 ’
or(mm @) —(m ) [ 1= T (Y o)1+ W(Q(m™,w)]
omM I + ?M(mlw, @)?R (WLM7 @) ’
m™w)  Qm",w) 3 q; (m*, w)
ow [25% jesk Hj
O (m W) TN w) qr(m",w)
AL Jp w3 T
i jeSE J
orM(mMw)  T(mM,w)TH(m™,w)[1 - 7(m™, )] Z a5 (m™,w)
ow N 1251 : 9]‘ ’
jeSE

Using the derivatives above, it can be shown that the derivatives of IIM(m™, w), given in

Lemma 2 are:

omv(m™ w) ., ., _
Tomr T m”,w)
1 - ZL— [+ 7 (m", @) (=1 — W(Qm", W)) + 7*(m", 7))]
» e W) | i
+]§2(w+9ﬂl2)q]‘ (m vw)ul[1+W(Q(mM,@))]2
and
aHZM(mM,w> B (/f;(mM,W) ~R M o—
I Y
T W(Qm, ) | [+ W(Qm, )]

X
+ > 0,3 (m", )

jeSE

{“wm+wgmmmd | v

To obtain the FOC for the manufacturer, we set (54) and (55) equal to zero and rearrange
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terms which yields,

1 mM M M — M —
W [1 - I [1—7Y(m" @) (1+W(Q(m ,w)))]}
_ 1 e Syean(® 4 ) )
pi [l 4+ W(Q(mM, w))] l (m", ) 14+ W(Q(m, w))] ] ’ (56)
and
1 M7_M M a5} — szSR(w + 0]N2>67(mM7w)
L+ W (@ mnh ) |

14+ W(Q(m™, w))]
== Z 0]‘]3 m", W) (57)

jeSE
Notice from the above two expressions that the RHS of (56) and the LHS of (57) are the
same. Hence, to simplify the comparison between models, we replace the LHS of (56) with
the RHS of (57) to obtain the following condition for m™:
1 Y e T ()W (e, ) .
= [1—7"(m™ @) [1+W(Q(m" w)] (58)

For exposition purposes, we introduce the subscript dual to the functions and variables

for the problem where the manufacturer sells through two channels. Let m)  be the direct
channel margin that satisfies the FOCs for the dual channel problem. Replacing 7" (m",w)

n (58) with its definition in Lemma 2, we can write

1+ [ZkesM Ulf(mgiaz)]w/m]

e I exp(a)

x |1+ Z ejq] dual7 W<Q(m21anw>>

jeSE

Through algebra, we can rewrite the above condition as follows:

M

mdual o
> M(mit, )"/ —l= ZQJ% My W)W (Q(m,,, @)). (59)
MY dual
(T } jesk

Next, using the condition above we compare m}'  with m}

direct®

Recall from the proof of Lemma 3 that m)  must satisfy the expression in (52). Sub-

stituting in (52) for 7 (m! ) with its definition given in (50) and with some algebraic

dir

manipulation, yields the following condition:

M

toree ~1=0. 60
S hesM Ul (mM t)]I—LQ/l—Ll ( )

exp(ao)

m,,

M1 1+[
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Recall that v}/(m") is decreasing in m". Given that (i) the left-hand side of the expressions
in (59) and (60) are increasing in m™, and (ii) the expression » _;c gr 0;q; (m}. ,, W)W (2(m).,,, W))

dual? dual)

is always positive, we can now conclude that the m)  that satisfies (60) is smaller than the

m)  that satisfies (59).

( M
direct dzrect

Proof of Proposition 6: Let 11 ) be the manufacturer’s optimal expected profit

when selling through the direct channel only and TIM (m ) be the manufacturer’s optimal

dual)

expected profit when selling through dual channels.
Recall the expression for m?  provided in Lemma 3. Rearranging its terms, we obtain

that 77 (m}..) =1- . We now replace 7,1 (m; ) with 1 — in T17,., (mi,...),

mdm ect dw‘ect

(51), to obtain the manufacturer’s optimal expected profit, i.e.

mM (m Y=m"  —u. (61)

direct d rect direct

M
direct

This last expression for ITIM _ (m» ) is going to be used later in this proof to compare it with

the manufacturer’s optimal profit for the dual channel setting.

M
dual)

Recall the expression for TIM (m! W) given in Lemma 2. To obtain an expression for

the optimal expected profit for the manufacturer when selling through dual channels, we first
rewrite the FOC of the manufacturer with respect to m? . given in (56). Observe we can

rewrite (56) with some algebra to obtain:

My = b+ WM, w)) [mi [ =74 (my,, w)(1+ W(Q(m,,, )] — ] =

~M

T (mM

dua l’w)mdual + T ( giaﬂw) Z (w—i_ ekMQ)ZZ\R( dual7w>'
keSkE

Notice that the right-hand side (RHS) of the equation above corresponds to the definition
of MM (m  w) in (43). We can now replace the terms that correspond to the RHS of the

dual dual ?

equation above with the function IIM (m* ), to obtain,

dual)

H%al<m:;al’ w) =My, —H1+ W<Q( dual’ w))
X [ dual[l - A]\/I(mdual7 )(1 + W(Q( dual’w)))] - /’Ll] : (62>
Given the fact that m)! = < m! . as stated on Proposition 5, what is left to show in order

to prove that the expression in (62) is greater than or equal to the expression in (61), is that

m,, (1 - ?Nl(mdual7 )[1 + W(Q( dual7m>)]) — M1 > 0.

dual

M

Observe from (58) that m)  satisfies m) (1 —7"(m) ,w)(1+ W(Q(m) ,,w)))) > p;. This

concludes the proof of the profit comparisons between the dual channel and direct channel

al dual?
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strategies.

Proofs of Section 6

We first provide a lemma that will be used in the proofs of the propositions.

Lemma 4. The optimal margins, m* and w, for TIM (ST m™ w) in (43) must satisfy Fy =0
and F» = 0 where

Fr=m" [1=7"(S%, m", @) [1+ W(QS",m", w))]]

— o |14+ D g (St m m)W(Q(SE,m ) |

jeSk

and

Fy =Y [W— pab@(S™, m", w)| [1 — 7°(S", m", w)]
jesk
— Z Qj@’?(SR,mM,E)m[l + W(QSE, m", w))] — m"7(S%, m", w).

jeSE
Proof of Lemma 4: Recall from the proof of Proposition 3 that any optimal price vector
for the manufacturer, p” and w, must satisfy FOCs. Therefore, m* and w will also satisfy
FOCs. We next derive the functions F; and F, using as our starting point the FOCs of
M (ST m* w) as defined in Lemma 2.

Recall the FOCs of TI™ (ST m* w) with respect to m* and w provided in (56) and (57).

Notice from two expressions that the RHS of (56) and the LHS of (57) are the same. Hence,
to derive the function F; we replace the LHS of (56) with the RHS of (57) to obtain that:

m™ [1—7(SE m™ w) [1+W(Q(S®,m",w))]]

— M 1 + Z ejE]\]R(SRvvaw)W(Q<SR7mM’m>> =0.

jeSE

Observe that the left-hand side of the expression above is the same as F) as defined in the
lemma.

As for Fy, it follows directly from (57).

Proof of Proposition 7: Let m™* and w* be the margins that satisfy the conditions F; = 0

and Fy = 0 (provided in Lemma 4) for a given assortment. This proof is done in two parts: In
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Part 1, we show that the manufacturer’s expected profit, ITM (S® m™* w*) in (43), increases
in oy, for k € SE. In Part 2, we show that

lim (ST U {z}, m™* w*) = IM(SE, m™M* w*).

Qay——00

Part 1: We note below the derivatives of Q(S®, m™, w), 7#(S%, m™, w)), and 7 (ST, m*  w),
all provided in Lemma 2 with respect to ay.
OQ(SE, m™, w) (ST, m™ w)

= Q(S%, m" w)
Oay, ( ) H1

oS, m™ w))

“rR(QR M o5
— (ST, )1 — (SR, ) S )

80% %51
M R M =7
0TS " 0) _ oo (57, o )2 (SF, ™, )
80%
“R R M =
X [1 . ?R(SR,mIM,E):I2qk)(S , M ’w)’
M1
ogi(S",m™, @) _ gp(S™,m", w) e R
_ 1—qr(s® m" )],k e SE,
Do, 12 [ Qk( )}
gy (S™, m", ) g (S%, m" w)

= —q/(S", m", W) k€SP k.

M2

Using the derivatives above and given the fact that

HM R M 5 HM R M o—
OIM(S™, m™, w) — 0 and 0 (SLm,w) _o,
om™ MM =g M * ow T
we find that:
diiM (St mM+ ) B OTIM (SE mM* w*)
day, B Oay,
= (S, e L (ST )
Z]‘,S(SR,mM*,E*) Mlek
E:
! i 2T (SR 5 | (63)

where F; is as defined in Lemma 4. Recall that the optimal margins for the manufacturer will
satisfy the conditions F; = 0 and F, = 0; hence
dITM (SE mM=* w*)

> 0.
dOék
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Part 2: For any given pair w and m", it can be shown that:

lim ?M(SR U{z},m", w) = 7A'M(SR, m", W),

lim Q(STU{z},m", @) = QST m", W),
Qz—>—00
lim ?R(SR U {Z}, mM7E) — ?R(SR’ mM7w)’
Jim TGS U ) mtm) = 3 (8" m ),
z jes’R jESR
i#2 i#2

lim (ST U {z}, m", w) = 0.

Using the above limits along with F; and F; as defined in Lemma 4, note that any pair of
m™ and W that satisfy F, and F, for the assortment ST will also satisfy F; and F, for the
assortment S U {2z} when «, goes to negative infinity. Furthermore, using the same limits
and the expression for II" (m™, w) as defined in Lemma 2, it follows that:

lim IIM(SEU {2}, m",w) = IM (ST, m", w).

Qy——00

Putting together the facts that the manufacturer’s profit function is increasing in «.,, and that
at a very small «, the manufacturer’s profit function is at least as good as the assortment

that does not includes variant z, we conclude the proof.

Proof of Proposition 8: From Proposition 2 we know that the optimal effective margin for

the retailer is m*(S%, p*, w) = 177'R(SR,pM:l1L7}LR(SR,pM,'w))' Hence we can write the profit function

for the retailer given in (16) as:
HR(SRa pM: w, mR(SRapMa 'LU)) = mR(SRapM? ’UJ) — H1. (64)

Observe from above that the right hand side is increasing in m”(S%, p*, w). Hence, this
proof will follow after showing that m®(S%, p*, w) always increases with the addition of a
new variant to the retailer’s assortment.

It follows from (23) that:

m"(SE, p w) 1=W (eXP(—l) [ kesn eXP(Th?/W)}W/M) .
M1 exp(ao) + [ZkeSM “k(pf,‘j)]”/“l

(65)

Notice that the right-hand side of the expression above is increasing in m*(S¥, p*, w) and the
right-hand side depends only on problem parameters for the retailer’s pricing problem. Hence,

any change in parameters that will force the right-hand side to increase will in fact increase
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m?(S®, p", w). Let z be an available variant that can be added to the retailer’s assortment,
ie. z€ SM » ¢ SE and recall that the Lambert-W function is increasing in its arguments.
Observe that introducing this variant into the retailer’s assortment will produce the following

relationship,

m (S"pw) (exp(—l) [Shesn exp(ng/uzﬂ*‘”“)
2 exp(ao) + [Xpesm ve(pp)] "
Cw <exp<—1> [Shesn expli/p2) + exp(n?/uz)]w”l)
exp(ao) + [Syeqm velpp)] "
_ m (SR U {2} p", w)

= — 1.
M1

Hence, m”*(S%, p*, w) < m*(ST U {z}, p”, w) which implies
E(SE p, w, m"(S%, p", w)) < (ST U {z}, p¥, w,m* (ST, p, w)).

Proof of Proposition 9: Observe that the manufacturer’s profit under Scenario 1 will always
be at least as high as the manufacturer’s profit under Scenario 2 (because under Scenario 1 the
manufacturer chooses the retailer’s assortment while the retailer makes the same decision un-
der Scenario 2). Now, recall that the manufacturer picks its prices before the retailer. Hence,
even under Scenario 2 the manufacturer will pick the same variant that it would pick under
Scenario 1 and will choose the same wholesale and direct channel prices that it would choose
under Scenario 1. The manufacturer will make all other variants unattractive for the retailer,
which could be achieved by charging a very high wholesale price. Hence, under Scenario 2,

the retailer will offer the variant that the manufacturer will offer under Scenario 1.

Proof of Proposition 10: For this proof, we set up the simplified versions of the retailer’s
and manufacturer’s pricing problems. Consider SM = {1,2}. Suppose the retailer offers
variant k, i.e. ST = {k}. We will prove this result by showing that the manufacturer’s
and retailer’s profits, evaluated at the equilibrium wholesale and direct channel prices, are
increasing in .

Let k be the only variant offered at the retailer, i.e. S® = {k}. Since this is a special case
of the more general model, the two conditions described in Lemma 4 continue to hold. For
exposition purposes, we are going to make a few observations taking advantage of the fact
that S% = {k}.
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Observation 1: Let

0O exp(—1) [exp([ag — v — wk]/,u2)]“2/“1

QST m™ wy,) =
.y m2/m
exp (ap) + [Z]‘esM v (m)

(66)

From Proposition 3 we use the pricing property that W = (wy — ¢ — )0k to observe that

QST m™ wy) = Q(SE, m", w), where Q(SF, m", w) is defined in Lemma 2. Using the same

pricing property, we observe that:

D[ — 0] GEHSE m”, W) = (wy, — k).

jeSE

Observation 2: Let

B W (QSE, m* wy))
1+ W(QSE, m™, wy))

?R(SR, m™ wy) , (67)

and
?M(SR, m", wg) =
}#2/#1

[ZJGSM vj'(m™)
exp (ag) + [Zje o U}”(m”’)} Ha/tn -
| |

. (68)
14+ W(QSE, m™ wy))]

Using the expressions for 77(S%, m™, w) and 7"(S®, m",w) in Lemma 2 together with Obser-

vation 1, note that
?R(SR,mM,wk) = TR(SR, m™,w) and 7~'M(SR, m" wy) = TM(SR,mM,E).

Using Observations 1 and 2, we can now write the manufacturer’s profit function in Lemma

2 as:
ﬁM(SR7 m™ wy) = 7(ST, m™ wy)m 4+ 7(ST, mM wy) (wy, — ci)0r. (69)
Furthermore, we can write the conditions F; = 0 and F5 = 0, defined in Lemma 4 as:

Fr=m [1— 79(S%, m, wy) |1+ W(QSE, m, wk))”
— [l + 0. W(Q(SE, m™, wy,)] = 0. (70)

and

Fy = —m™7 (ST m™, wy,)
10y
1 —77(SE mM wy)

+ (UJk — ck)ﬁk [1 — ;R(SR, mM, wk)] — =0. (71)

44



Observation 3: Tt can be shown that the derivatives of 7%(S®, m™, wy,), given by (67), and

TM(SE mM wy), given by (68), with respect to v, are:

ot (ST, mM wy)  —T(ST, mM, we)[1 —T(ST, m", wy)]?
M B 251 ’

o (ST, mM wi)  TV(ST, mM we) TS, mM wy) [1 — TS, mM, wy)]
M B 251 '

Let m™* and w* denote the margin and wholesale price in equilibrium. Given that m*

and w* satisfy FOCs of IIM (S m™ w), we use the derivatives above find that:

dﬁM(SR, mMx w*) B 8ﬁM(SR, mM*, w*)

’,FR(SR7 mM*’ w*)[l o ?R(SR, mM*, w*)] mM*;]\_/M(SR’ 77,LM>0<7 ’LU*)

M1 — (w* — cg)0k]1 — ?R(SR,mM*, w*)]

Because m™* and w* satisfy (71), we have
(w* — c)0x[1 — 77(SE, mM* w*)] > mM7(SE, mM w*).

Therefore: _
dHM<SR, mM*, U}*)
dk
Given that (i) cog and cuy play a role only in the function 4y, (ii) 7% is increasing in cox and
dIIM (SR m M= %)
dvk

< 0.

cug, and (iii) < 0, we now conclude that ﬁM(SR, mM* w*) is decreasing in coy,
and cuy,.
Observation 4: Recall from (42) that m*(m™* w*) = u[1 + W(Q(m**,w*))]. Given

Observation 1, we can write
(M, w) = 1+ W (QmM, w))].

Replacing m®(m**, w*) with pi[1 + W (Q(m™M* w*))] in (64), we can write

(SR mM* w) = W(QSE, mM* w*)) (72)
Given that the function W(-) is increasing in its arguments and p; is a problem parameter,
observe that the expression for IT®(SE mM* w*) provided in (72) is strictly increasing in
Q(SE, mM* w*). Then to show that II®(S®, mM* w*) is increasing in 7 it suffices to show

that: _
dQ(SE mM* w*)
dk

< 0.
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Observation 5: Taking the derivative of Q(S®, m™* w*), given by (66), with respect to v

provides:
dﬁ(SR,mM*,w*) 8§(SR,mM,w) 8§(SR,mM,w) dm?*
= +
dvy Ovg om™ VI dvy;
N OQ(SE, mM* w*) dw
ow* ~dy

We will observe that the above expression is negative after showing that:
OQ(SE, mM* w*)  OQ(SE, mM* w*) dw* OQ(SE, mM* w*) dm™
+ < 0 and
0k Owy, dvg omMx dvg

Recall the two conditions that m™* and w* must satisfy for the manufacturer’s problem, i.e.

< 0.

Fy=0and Fy = 0. Using implicit differentiation we have that:

_OF 0F | 0F, OFy

d M* *
m _ ?’Y}c 3? B’Zk 8wiC : and (73)
dg _OF 0F, _ 0OF; OF
BTJM* ?w* BlnM 811}*
dur _ 4 30 -
d'Yk a 8ﬁl 8_ﬁ12_ 8;7"2 8_ﬁ1 )
OmM* Jw* OmM* Jw*
It can be shown that:
(SR, m, w) B —Q(SE, m™, w)
M M1 ’
OTR(SE m™ w) B —7R(SE mM w)[1 — 77(SE, m™, w)]?
Ok 241 ’
o (SE m™, w) B —7(SE m™ w)TH(SE, m™, w)[l — 7=(SE, mM, w))
a,yk [1,1 ’
OF, .
- = 6 R SR M
a'Yk kT ( , M ,’LU),
ﬁ ~ "R R M 1 — "R R M .
Q :29kTR(SR,mM,w)+T (S 7m 7w)[ T (S ,m ,U})]FZ’
O H
OF -
8_101 = HkTR(SR,mM,w),
3? ~ "R SR M 1 — "R SR M »
OB _ g1t 4 7(S, m, )] 4 TS )L = THET m w)l
dw M1
OF,  ~ _ _
5 = B (ST m w) [+ W(QST, m, w)
m]bf
1+ 7(SE, m, w)0, [W(QUST, m™, w)]?,
6ﬁ - ~ =M SR M
OB g (™ e w)W @m ) + i w)

X [ﬁl —ﬁQ%(SR,mM,w) .
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dm

Using the derivatives above it will follow that , given by (73), is negative. Observe now

that:
8§(SR,mM*,w*) N 8§(SR,mM*,w*) dw* OQ(SE, mM* w*) [1 N dw*} <0
M ow dyk Mk dry '
This observation follows after noting that that 1 —|— > 0, and W < 0, by using

the derivatives of the conditions F1 and FQ listed prev1ously.
Using Observations 4 and 5, we conclude
dHR( SR mM* )
d

< 0.

Since 7y is increasing in coj, and cuy we conclude that I1%(SE m™M* w*) is decreasing in coy

and cuy.

Proof of Proposition 11: In this proposition we assume all variants are the same (which
implies 0y, is the same for all k € ST). Hence, we have that wy, is the same for all k& € SE.
Given that all variants are the same, it is no longer the composition of the retailer’s assortment,
but the size of the retailer’s assortment that influences profits. Let M denote the number of
variants carried by the manufacturer and let N denote the number of variants carried by the
retailer. For notational convenience let w = wy, o = ag, ¢ = ¢, ¥ = Y and 6 = 0.
Let ﬁM(N ,m",w) be the manufacturer’s profit and ﬁR(N ,m", w) be the retailer’s profit
for this simplified problem. The proof of this proposition will follow after showing that:
dﬁM(N, mM* w*) - dﬁR(N, mM*_w*)
dN dN ’

Observation 1: Let

exp(—1) [N exp([a — 7 — w]/pp)]"**
exp (ap) + [M exp([a — ¢ — m] /)2
Given that all variants are the same for the purposes of this proposition, then observe that
Q(N, m™, w) = Q(SE, m*,w), where Q(ST, m* w) is defined in Lemma 2.
Observation 2: Let

Q(N, m", w) =

(75)

_ Yo WEN, MM, w))
(N, M, w) = +W(§(N ——— (76)
and
TY(N,m", w) =
[M exp((a — ¢ — m]/pg) ]2/ (77)

exp(ag) + [Mexp(lo — ¢ — m*) /)" | [1 + W (@Q(N, m», w))]
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Using Observation 1, note that 7#(N, m", w) = 7%(S®, m™ w) and 7*(N, m*, w) = 7(SE, m", w)
where 7%(S%, m™ w) and 7(S%, m",w) are defined in Lemma 2.

Observation 3: Let
(N, m", w) = W (QN, m", w)),
and
IY(N, m", w) = 7(N,m™, w)m" + 7*(N, m*,w)(w — c), (78)
Using Observation 2, note that
ﬁR(N7 m™, w) = MH(S*, m" W) and ﬁM(N, m", w) =M (SE m", ).

Given that the problem in this proposition is a simplification of the general problem, the
conditions in Lemma 4 continue to hold. Using Observations 1 through 3, conditions F} and

F, in Lemma 4 can now be simplified to F; and Fy as follows:
Fi=m"[1-7"(N,m",w) [1 + W(QN,m", w))]] — [l + W (QN,m", w))],

and

H1 0 M=M

Fy= T (N, ) + mM7 (N, m", w) — (w — ¢)0[1 — T(N, m", w)].

The conditions above will be used later to find the derivatives of the retailer’s and manufac-
turer’s profit functions.
We next provide some partial derivatives that will help with the derivations of the profit

functions. The derivatives for Q(N, m*, w) in (75), 7%(N, m",w) in (76), and 7% (N, m", w)
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in (77) with respect to N, m* and wy, are:

OQN, m", wy) o Q
ON ~ mN
ot (N, m"
T é;‘ W) _ M/ﬁV?R(N, m*, we)[1 =7 (N, m™, wy)

a_M N M
™ {;]73; W) _ _Mlﬁv?M(N, m™, we) TN, m", wi) [1 =7 (N, m", wy)],

(N7 mM7 wk)7

oF
6_]\71 = —%Q?R(N, m", wg),

OF;
ON "’

8Q(N,m 7wk) _ Q(Nvm 7wk')?M(N’ mM,wk)[l + W(Q(N, mM,U}k))],

= Q%G?R(N, m™, wg),

amM M1
a—R N M 1 __ =R N M
T ( , T 7wk) _ [ T ( , T 7wk)]FR(N’ mM’wk)?M(N’ mM’wk)’
om™ H1
a—M N M =M N M
T ) TIILO) yg (, , w) f (V, m,)
6mM M1

—1 — W(Q(N,m", wk))} ,

r _
gm}w = 1+ TN, ™, w ) O] (N, m™, wi))]?,
oF _
5 = TN, w0 (N, m,wy),
OQUN, m™, wy,) B _Q(N, m™, wy)
Owy I ’
—R N M —R N M
T ( - ’wk) = _T ( A ’wk) [1 —?R(NymMywk)]Qa
wy M1

O (N, m", wy,) _ TM(N, m™ w) T (N, m" wy) (1= 7 (N, ™, wy)]

Owy, M1
F
g—w; = 07" (N, m" wy,),
F
g—wi = —0[1 + 7*(N, m"™, wy)].

Using implicit differentiation we find the following derivatives with respect to NV for the man-
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ufacturer and retailer:

dITY (N, m™* w*)  poe7* (N, m™*, w*)0

B _ “ , (79)
dIT®(N, m™*, w*)  p7" (N, m™*, w*)f
dN - N _ Y
(N, mM*, w*)d [1+W( (N, *))] —i—l/VK(Q(N,mM*,w*))‘
27 (N, m™* w )W (QN, m™™*, w*)) + 1/ W (Q(N, mM*aw*D]
B[P, N,
Observe that (80) is smaller than (79) when
PN w)f L WEUN,m wt)] + YW R m e w)

27 (N, m™*  w*)OW (Q(N, m™*, w*)) + 1/W (QN, m™*, w*))]
+2[1+ (N, m M wh) OV (N, m ™, w) )]

One can show that the above condition holds when

7Y(N, mM* w*) [1 — W(Q(N, mM*,w*)) — 2W(Q(N, mM*,w*))z} <

| N

Hence, we conclude that when 6 < 2 (80) is smaller than (79).
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