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Abstract

Lack of coordination between machinery fault diagnosis and the inventory management of spare

parts can lead to increased inventory costs and disruptions in production activity. To address this

gap, we develop a framework for incorporating real-time sensor data into inventory decisions for

spare parts that are subject to deterioration.

1. Introduction

The performance of complex industrial systems can be improved through the implementation of

condition monitoring, which is defined as the collection of real-time sensor information from a

functioning device in order to monitor the health or condition of that device. Examples of condition

monitoring techniques include vibration analysis, oil analysis, and thermography. Despite rapid

growth in the use of these techniques, there has been little research considering how to best use

condition monitoring data to make decisions regarding the management of repair or replacement

resources. In this paper, we consider the problem of using condition information to improve the

inventory management of replacement parts. Specifically, we consider a system consisting of

multiple machines. Each machine uses a key part or component that is subject to deterioration. We

assume that the owner of these machines is able to collect real-time condition information from

the operating parts and seeks to use this condition information to more effectively manage the

inventory of replacement parts. Three key steps are involved in this process:

1. In order to use real-time sensor information to predict the remaining life of a device and to

improve operational decisions such as part replacement, it is useful to identify and model

a degradation signal, i.e., a quantity computed from sensor information that captures the
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current condition of the device and provides information on how that condition is likely to

evolve over time. The functional form of the signal is typically modeled as a continuous-time

continuous-state stochastic process.

Lu and Meeker (1993) present a random coefficient degradation model that contains both

common parameters shared by the entire device population and unique parameters for each

individual device. In their model, the degradation signal takes the form: Si j = η(t j;Φ,Θi)+

εi j, where η(.) represents the deterministic path followed by the degradation signal, Φ rep-

resents the deterministic degradation parameter shared by all machines, Θi represents the

degradation parameter that captures the unique characteristics of machine i, and εi j denotes

the random error of machine i at time t j.

There are two widely used approaches for modeling the random error process, independent

and identically distributed random errors (e.g., Lu and Meeker 1993 and Wang 2000) and a

Brownian motion error process (e.g., Doksum et al. 1992, Gebraeel et al 2005 and Whitmore

1995). As in Gebraeel et al. (2005), we assume a linear degradation model with Brownian

motion error process. The model parameters are estimated in a Bayesian manner, incorpo-

rating real-time condition monitoring information.

2. Demand for spare parts inventory is generated when a part fails while operating on a ma-

chine. Hence, we need to estimate the residual life distribution (or the failure time distribu-

tion) for an operating part given an appropriately selected degradation signal model. With

the remaining life distribution, we can further estimate the demand distribution for spare

parts. Gebraeel et al. (2005) derive the residual life distribution of the machine parts based

on a linear degradation model with i.i.d. normal error. Doksum et al. (1992) show that, for

3



the linear model with Brownian motion error process, the residual life of the device follows

an inverse Gaussian distribution.

3. The demand distribution for spare parts is updated in real time given the observed degrada-

tion information obtained from the set of operating machines. Hence, the optimal inventory

control decisions will be dynamic and will depend on the condition information obtained

from the entire system of machines.

There has been extensive research on inventory decisions considering periodically updated

demand distribution, e.g., Dvoretzky et al. (1952), Scarf (1959), Karlin (1960), etc. The

existing research, to the best of our knowledge, generally updates the demand distribution

using previously observed demand data. However, for spare-part inventory, the demand is

generally very sparse, which restricts the amount of information provided by the previous

demand.

In contrast, the research presented in this paper presents a methodology for updating the

distribution of demand using the real-time sensor observations, and for incorporating this

updated demand distribution into a stochastic inventory model. This approach provides im-

proved estimation of the demand distribution, leading to improved inventory decisions, but

also imposes challenges in computing the optimal inventory control policy.

The purpose of this paper is to investigate the form of the optimal inventory control policy for

the spare parts inventory control problem with a periodically-updated, non-homogeneous demand

distribution derived from real-time sensor information. In addition, we seek to provide effective

and efficient solution approaches for this problem.
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2. Condition Monitoring and Demand Estimation

In this section, we outline our model of the degradation process for the machine parts and discuss

our demand estimation procedure.

2.1 Degradation Model Estimation

We assume that each operating machine part is monitored periodically and that the degradation

signal captured from each part has a linear form with a Brownian motion error process. The degra-

dation model, similar to Gebraeel et al. 2005, can be written as Z(t) = θt + ε(t), where Z(t) is the

signal value as a function of time, θ is the drift or degradation parameter and ε(t) = σW (t), where

W is a standard Brownian motion variable and σ is the associated volatility. Thus, the signal Z(t)

was a measure of this vibration over time. When there are multiple (m) machines in the system,

we allow the degradation parameter, θ, to vary across the machines. In this case we will add the

subscript i to the above model, for i = 1, . . . ,m.

We assume that the volatility of the Brownian motion, σ, is known, but that the degradation pa-

rameter, θ, may or may not be known. When θ is unknown, we will follow the Bayesian approach

presented in Gebraeel et al. (2005) to update the probability distribution of θ in each period, i.e.,

each time a new degradation signal is observed. Assuming a Normal prior distribution for θ, we

find that the posterior distribution of θ in period n will also be Normal, with mean µn and variance,

σn
2, which are functions of the observed degradation signals for periods 1 through n, z1, . . . ,zn.

2.2 Demand Estimation

In our model, as well as in many practical applications, a part is considered to be failed, and is
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instantaneously replaced, when the observed degradation signal exceeds a predefined threshold, B.

The failure threshold is typically specified by the device manufacturer. In this case, we can easily

compute the remaining life distribution of an operating part given an observed degradation signal,

zn. Since the part is replaced when the degradation signal first exceeds the threshold B, the failure

time T is just the first passage time for the Brownian degradation signal to reach B. Thus, when θ

is known, using Cox (1965), we can write the cumulative distribution of T as follows:

P(T (θ,zn,B)≤ t) = 1−Φ

(
(B− zn)−θt

σ
√

t

)
+ exp

{
2θ(B− zn)

σ2

}
Φ

(
−(B− zn)−θt

σ
√

t

)
, (1)

where T (θ,zn,B) represents the time for the degradation signal to first reach the barrier B given

a current observation zn. Further, for Brownian motion, the first passage time distribution for a

single part with threshold kB is the same as the distribution of the sum of the first passage times

for k successive parts with threshold B. Thus, we have the following distribution of demand for

replacement parts for a single machine:

P(Dn = k|θ,zn) = P(T (θ,zn,kB)≤ t0,T (θ,zn,(k+1)B)> t0)

= P(T (θ,zn,kB)≤ t0)−P(T (θ,zn,(k+1)B)≤ t0) (2)

When there are multiple machines, the total demand for replacement parts is simply the sum of the

demands from each machine, and hence we have:

P(Dn = k|~θ,~zn) = ∑
(l1,...,lm):∑m

i=1 li=k

(
m

∏
i=1

P(Din = li|θi,zi
n)

)
, (3)

where Din, zi
n, θi are the demand, observed degradation signal and degradation parameter on ma-
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chine i, respectively, while~θ = [θ1, ...,θm] and ~zn = [z1
n, ...,z

m
n ].

When the drift parameter is unknown, we must take the expectation over the posterior distribu-

tion of θ, calculated in period n, as described in the previous section. For example, for the case of

a single machine, we have

P{Dn = k|z1, . . . ,zn}=
∫

∞

−∞

P{Dn = k|θ,zn} fΘ|z1,...,zn(θ)dθ, (4)

where fΘ|z1,...,zn(θ) is the posterior distribution of θ calculated in period n based on the set of ob-

served signal values.

3. Spare Parts Inventory Management

We next determine the optimal inventory control policy for this problem setting under the assump-

tion that the manufacturer follows a periodic review inventory policy with a finite planning horizon

and linear ordering, holding and penalty costs. We also assume that emergency orders are used to

fill backorders.

As in the previous section, we will start by considering the case in which the degradation

parameters are known. We will then consider the case in which these parameters are unknown

and estimated using the observed degradation signal values.We develop a dynamic programming

(DP) formulation for this problem. Let Cn(xn,zn|θ) denote the minimum expected cost for the

remainder of the planning horizon, starting from period n, given the most recent degradation signal

observation, zn, and the current on-hand inventory level, xn. Then, for the case of known θ, we
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have the following formulation:

Cn(xn,zn|θ) = min
y≥xn

{
c(y− xn)+Ln(y|zn,θ)+α

∞

∑
k=0

E
[
Cn+1(y− k,Zn+1|θ)1{Dn=k|θ,zn}

]}
, (5)

where y is the order-up-to level, c is the per unit ordering cost, Ln(y|zn,θ) is the expected holding

and penalty cost in period n, and α is the discount factor. In the final term, 1{Dn=k|θ,zn} is an in-

dicator function, and the expectation is taken over the random variable Zn+1 under the condition

Dn = k. The state of this DP includes the on-hand inventory level, xn, and the most recently ob-

served degradation signal, zn. We define CN+1(x,z) = 0,∀x,z. Since zn is a continuous variable,

we will need to discretize its distribution to make the DP computationally feasible. Given this DP

formulation, we can prove the structure of the optimal inventory control policy with known θ:

Proposition 3.1 When the degradation parameter, θ, is known, an order-up-to inventory policy

with order-up-to level ȳn(θ,zn) is optimal for period n, for all n = 1, . . . ,N. Notice that the optimal

order-up-to level for this problem, ȳn(θ,zn), depends only on θ and the most recent degradation

signal observation, zn.

We next extend this DP formulation to the unknown parameter case.

Cn(xn,z1, . . . ,zn) =

min
y≥xn

{
c(y− xn)+Ln(y|z1, . . . ,zn)+α

∞

∑
k=0

E
[
Cn+1(y− k,Zn+1|z1, . . . ,zn)1{Dn=k|z1,...,zn}

]}
. (6)

The expected cost-to-go, Cn(xn,z1, ...,zn) depends on all of the degradation signal observations

up to period n, since these observations are required to calculate the posterior distribution of the
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degradation parameter. Hence, the state space of the DP includes the current inventory level, xn,

and the complete history of degradation signal observations, z1, ...,zn, which makes the computa-

tion of the optimal inventory policy infeasible. However, it is possible to reduce the state space

by exploiting the conditional independence existing in the updating procedure for the posterior

mean and variance of θ. In other words, given the two most recent signal observations, zn−1 and

zn, the observed demand in the previous period, denoted dn−1, and the most recent posterior mean

and variance, µn and σ2
n, the posterior mean and variance for the next period, µn+1 and σ2

n+1, are

conditionally independent of all degradation signal observations prior to period n− 1. With this

property, we can reformulate the DP as follows:

Cn(xn,zn,zn−1,dn−1,µn,σn) =

min
y≥xn

{
c(y− xn)+Ln(y|zn,µn,σn)+α

∞

∑
k=0

E
[
Cn+1(y− k,Zn+1,zn,k,µn+1,σn+1)1{Dn=k}

]}
,(7)

where µn+1 and σn+1 can be computed using the Bayesian approach described above. Given this

DP formulation, we can prove the structure of the optimal policy for θ unknown:

Proposition 3.2 When the degradation parameter, θ, is unknown, an order-up-to inventory policy

with order-up-to level ȳn(zn,zn−1,dn−1,µn,σn) is optimal for period n, for all n = 1, . . . ,N. Notice

that the optimal order-up-to level for this problem, ȳn(zn,zn−1,dn−1,µn,σn), depends on two recent

observations (zn,zn−1), demand in previous period dn−1, and posterior mean µn and standard

deviation σn of the degradation parameter.

Next, consider the problem with multiple machines and known degradation parameters. We would

like to find the optimal policy for each state configuration xn,z1
n,z

2
n, . . . ,z

m
n , where zi

n denotes the
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most recently observed degradation signal for machine i, and m is the number of machines. For

this DP there will be m continuous state variables and one discrete state variable. Thus, the prob-

lem with multiple machines and known θi is likely to be computationally infeasible. When the

degradation parameters are unknown, the DP becomes even more difficult to solve, since the state

space will include the on-hand inventory level for the system, xn, as well as zi
n,z

i
n−1,d

i
n−1,µ

i
n,σ

i
n

for each machine i, i = 1, . . . ,m. However, for both cases, i.e., for θ known and unknown, as above,

we have shown that the optimal inventory policy is a dynamic base stock policy.

There are several approaches that can be used to solve such large-dimension DP problems. First,

one can reduce the high-dimensional DP to a revised DP with a single-state variable under specific

assumptions regarding the demand distribution. Alternatively, to solve this complex problem, we

can resort to various approximation approaches, including Monte Carlo simulation of the optimal

policy, and the use of myopic heuristic policies. In the following sections, we will briefly discuss

both of these approaches to solving this complex inventory control problem.

3.2 Simulation-based Solution Approach

Since solving the DP to find the optimal inventory policy is computationally infeasible in the case

of multiple machines or a single machine with unknown degradation parameter, we have developed

solution approaches based on Monte Carlo simulation. The basic approach to find the optimal

policy using simulation is as follows: (1) simulate the degradation processes and get an empirical

estimate of the demand distribution for each period in the remainder of the planning horizon; and

(2) given the estimated demand distributions, find the optimal policy by solving a one-dimensional

DP, in which the current inventory level is the only state variable. Algorithm 1 outlines the basic
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steps for determining the optimal policy with simulation for the case of a single machine with

unknown degradation parameter.

Algorithm 1 Simulation strategy for a single machine with unknown degradation parameter

For n = 1,2, . . . ,N

1. Simulate the degradation process
for i = 1,2, . . . ,S (number of samples)

• Initialize the degradation signal with zn;
• Initialize the mean µθ and variance σ2

θ
of the degradation parameter as µn,σ

2
n;

• for k = n, . . . ,N (simulate signal for the remainder of the planning horizon)

– Draw drift parameter θ from distribution N(µθ,σ
2
θ
);

– Generate signal until time k+1 to obtain zk+1;
– Update parameters µθ and σθ based on zk,zk+1 and dk;

• Count the number of demands di
k in each period k for sample i;

2. Find the optimal policy

• Estimate the demand distributions in periods n to N with the samples;
• Solve a one-dimensional DP to find the optimal policy given the estimated demand

distributions.

When the degradation parameter is known, a similar approach can be used. However, we do

not need to draw a drift parameter from the posterior distribution or update the posterior distribu-

tion. For a system with multiple machines, we need to simulate the degradation processes for all

machines, and then sum their demands in each period to estimate the demand distribution. In sum-

mary, with the Monte-Carlo simulation of the demand distribution, we convert a high-dimensional

DP problem to a one-dimensional DP problem, which can be solved efficiently.
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3.3 Myopic Critical Fractile Policy

Given the distribution of demand for replacement parts, a myopic critical fractile policy can be

easily computed. For this policy, the myopic order-up-to level is just the smallest value of x satis-

fying FDn(x) ≥
p−c+αc

h+p , where FDn is the cumulative distribution of demand in period n, α is the

discount factor, and c, h and p are the unit ordering cost, holding cost and penalty cost.

Lovejoy (1990) develops an upper bound on the performance gap between the optimal policy

and the myopic critical fractile policy using a myopic policy with disposal. In a traditional myopic

policy, we only have the choice to order or not order when making the inventory decision. But in

the myopic policy with disposal, we can also choose to dispose of some on-hand inventory, with

unit cost cs. Generally, we can expect a lower inventory cost for the policy with disposal since we

have the option to dispose of inventory if the holding cost is too high. Let Co denote the expected

cost over the entire planning horizon under the optimal inventory policy, let Cm denote the expected

cost under the myopic policy and let Cmd denote the expected cost under the myopic policy with

disposal, with cs = −c. Then, from Lovejoy (1990), we have the following upper bound on the

relative cost difference between the optimal policy and myopic policy:

Cm−Co

Co
≤ Cm−Cmd

Cmd
. (8)

4. Computational Study

We next describe the computational study that we have conducted for this spare parts inventory

problem with condition monitoring information. In the experiments described in this section, we

use the default parameters shown in Table 1.
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Table 1: Default parameters of the inventory model

Drift parameter, θ (single machine) 0.0002 # of periods, N 40
Prior mean of the drift parameters 0.0001 Period length, t0 24 hours

Prior variance of the drift parameter 0.00005 Ordering cost, c 3
Brownian motion variance, σ2 6e−6 Holding cost, h 1

Failure threshold, B 0.055 Penalty cost, p 10

4.1 Demand Estimation

In this section, we present several examples of the estimated demand distribution generated from

the condition monitoring observations. Figure 1 shows the demand distribution for a single period

and a single machine for several values of the observed degradation signal, z. We can see that,

when z increases, the mean of the demand distribution increases. Figures 2 shows the demand

distribution with different numbers of machines in the unknown parameter case. We find that the

mean demand increases roughly linearly with the number of machines, while the standard devi-

ation of demand increases more slowly. This observation is a demonstration of the risk-pooling

effect.

(a) z=0 (b) z=0.01 (c) z=0.05
Figure 1: Estimated demand distribution with different signal observations

(a) m=1 (b) m=2 (c) m=3 (d) m=4 (e) m=5
Figure 2: Demand distribution for different number of machines with unknown parameters
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4.2 Value of the Condition Monitoring

We next evaluate the value of condition monitoring in managing the inventory of spare parts.

Figure 3(a) compares the total cost with and without condition monitoring information for a single

machine. Here, the true value of θ is set as 0.0001, and we vary our prior belief about θ from

0.0001 to 0.0003. We compare two solution methods: (1) estimate the demand using only the prior

belief about θ, and (2) estimate the demand using the Bayesian approach to estimate the posterior

distribution of θ. From our results, we conclude that, when the prior belief about θ is further away

from the true value of θ, the Bayesian estimation approach has the most value. Figure 3(b) presents

a similar comparison for a system with multiple machines. In this case, we set the prior mean µ

of the drift parameter to be 0.0002 and varied the standard deviation from 0, 1
8µ, 1

4µ, 1
2µ to µ. For

each standard deviation value, we first sample the true drift parameters from the prior distribution,

and then compare the inventory costs for two cases: (1) we update the posterior distribution of

θ using the Bayesian approach and (2) we treat the prior mean 0.0002 as the known value of the

parameter θ. We find that, when the prior variance of the drift parameter is large, the Bayesian

updating approach has the most value.

(a) Single machine (b) Multiple machines

Figure 3: Comparison of the inventory cost with and without condition monitoring information

4.3 Optimal vs. Myopic Policies

We next compare the optimal policy (using simulation) with the myopic policy for the case of un-
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known degradation parameters. See Tables 2 and 3 below.

Table 2: Performance gap between optimal and myopic policies with unknown parameters
# machines Average Min Max

1 3.45% 2.95% 4.4%
5 0.58% 0.03% 1.2%

Since the optimal policy is computed using simulation, we evaluate the relative cost difference,

r, where r = (Cm−Co)/Co, in ten different runs and report the mean, minimum and maximum,

where Co and Cm are the total inventory costs for the optimal policy and myopic policy, respec-

tively. In the single machine case, the relative cost difference between the optimal policy and the

myopic policy is only 3.45% on average, and 4.4% in the worst case, while the computational cost

is significantly reduced (from 28.2s to 0.41s on average) with the myopic policy. With 5 machines,

the average and maximum relative difference across the ten different runs are only 0.58% and

1.2%, respectively. It is interesting to find that the performance gap is smaller if we have multiple

machines. This result shows that pooling the demand from multiple machines not only reduces the

total inventory cost due to the risk pooling effect, but also reduces the performance gap between

the optimal policy and the myopic policy. This property is especially important for practical appli-

cations, in which we expect to have a large number of machines and in which the optimal policy

may be extremely difficult to compute due to the limited computational resources.

Table 3: Computational costs of the optimal policy and myopic policy with unknown parameters
# machines Policy Average(s) Min (s) Max (s)

1
Optimal 28.2 27.8 28.7
Myopic 0.41 0.23 0.78

5
Optimal 61.5 60.2 64.6
Myopic 18.8 18.1 19.2
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5. Conclusion

In this paper, we have developed a framework for incorporating condition monitoring information

into the inventory management decisions for spare parts. We extend the Bayesian degradation sig-

nal estimation approach developed in Gebraeel et al. 2005 to derive the demand distribution for

service parts, and then demonstrate how this demand distribution can be incorporated to a classical

stochastic inventory model. We then proposed and evaluated three different solution approaches

for this inventory problem and demonstrated that a myopic critical fractile policy can perform

quite well relative to the optimal policy, while significantly reducing the computational time. In

our future research, we are interested in extending this framework to consider different condition

monitoring techniques and degradation models.
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